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CONDITIONAL PREDICTIVE INFERENCE FOR
HIGH-DIMENSIONAL STABLE ALGORITHMS

By LUKAS STEINBERGER* AND HANNES LEEBT

University of Vienna

We investigate generically applicable and intuitively appealing
prediction intervals based on leave-one-out residuals. The conditional
coverage probability of the proposed intervals, given the observa-
tions in the training sample, is close to the nominal level, provided
that the underlying algorithm used for computing point predictions
is sufficiently stable under the omission of single feature/response
pairs. Our results are based on a finite sample analysis of the em-
pirical distribution function of the leave-one-out residuals and hold
in non-parametric settings with only minimal assumptions on the
error distribution. To illustrate our results, we also apply them to
high-dimensional linear predictors, where we obtain uniform asymp-
totic conditional validity as both sample size and dimension tend to
infinity at the same rate. These results show that despite the seri-
ous problems of resampling procedures for inference on the unknown
parameters (cf. Bickel and Freedman, 1983; El Karoui and Purdom,
2015; Mammen, 1996), leave-one-out methods can be successfully ap-
plied to obtain reliable predictive inference even in high dimensions.

1. Introduction. It is a fundamental task of statistical learning, when
given an i.i.d. training sample of feature/response pairs (z;,¥;) and an addi-
tional feature vector xg, to provide a point prediction for the corresponding
unobserved response variable yg. In such a situation, a prediction interval
that contains the unobserved response variable with a prescribed probabil-
ity provides valuable additional information to the practitioner. In many
applications, when measurements are costly, a training sample is obtained
only once and is subsequently used to repeatedly construct point and inter-
val predictions as new measurements of feature vectors become available. In
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such a situation, it is desirable to control the conditional coverage probabil-
ity of the prediction interval given the observations in the training sample,
rather than the unconditional probability.

We study a very simple method based on leave-one-out residuals which is
generic in the sense that it applies to a large class of possible point predic-
tors, while providing asymptotically valid prediction intervals. For an i.i.d.
training sample T}, = (x;,v;)}_, of size n, consisting of R? x R-valued fea-
ture/response pairs, and an additional feature vector z¢ in RP, suppose that
we have decided to use a prediction algorithm M,, ;, : (RP xR)" x R? — R to
produce a point prediction g = M, (T}, x¢) for the real unobserved response
yo. If T,[f] = (x;,yj);2i is the sample without the i-th observation pair, com-
pute leave-one-out residuals @; = y; — Mn_l(TJﬂ,xi), 1 < i < n. Finally,
to obtain a prediction interval for yy, compute appropriate empirical quan-
tiles §n, and g, from the collection 1y, ..., 4, and report the leave-one-out
prediction interval

PIEON (T, 20) = (0 + Gars o + das)-

The use of the half open interval is due to technical convenience and is incon-
sequential for practical purposes. In this paper we investigate the conditional
coverage probability

P (yo € PIHLONT,, 20)|T7),

1,02

first in finite samples, and then in more specific asymptotic settings where
the dimension p of the feature vectors x; increases at the same rate as sample
size n. We find that even in these challenging scenarios where both n and p
are large, the conditional coverage of PI&}Q (T}, o) is close to the nominal
level ag — ;. Note that the analogous procedure based on ordinary residuals
yi — My(T), ;) instead of leave-one-out residuals would, in general, not be

valid in such a large-p scenario (cf. Bickel and Freedman, 1983).

Despite the remarkable simplicity of this method, and its apparent sim-
ilarity to the jackknife, we are not aware of any rigorous analysis of its
statistical properties. Our approach is very similar, in spirit, to the methods
proposed in Butler and Rothman (1980), Stine (1985), Schmoyer (1992),
Olive (2007) and Politis (2013), in the sense that it relies on resampling and
leave-one-out ideas for predictive inference. But the methods from these ref-
erences, like most resampling procedures in the literature, are investigated
only in the classical large sample asymptotic regime where the number of
available explanatory variables is fixed. Notable exceptions are Bickel and
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Freedman (1983), Mammen (1996) and, recently, El Karoui and Purdom
(2015). However, the latter articles draw mainly negative conclusions about
resampling methods in high dimensions, arguing, for instance, that the fa-
mous residual bootstrap in linear regression, which relies on the consistent
estimation of the true unknown error distribution, is unreliable when the
number of variables in the model is not small compared to sample size. In
contrast, we show that the leave-one-out prediction interval Pféf}og) does
not suffer from these problems because it relies on estimation of the condi-
tional distribution of the prediction error P"*1(yo—go < t||T},) instead of an
estimator for the unconditional distribution of the error term yo — E[yo||zo].
That the use of leave-one-out residuals leads to more reliable methods in
high dimensions was also observed by El Karoui and Purdom (2015).

Our contribution is threefold. First, we show that the leave-one-out predic-
tion interval is approximately conditionally valid given the training sample
T,, in the sense that

Pn+1 (yo e PI(LlO) (Tn,ﬂfo)’

1,002

Tn) N oy — Q.

The error term of the above approximation can be controlled in finite sam-
ples and asymptotically, provided that the employed prediction algorithm
M, is sufficiently stable under the omission of single feature/response pairs
and that it has a bounded (in probability) estimation error as an estima-
tor for the true unknown regression function. It is of paramount importance,
however, to point out that we do not need to assume consistent estimation of
the regression function and our leading examples are such that consistency
fails.

Second, we show that the required stability and approximation properties
are satisfied in many cases, including many linear predictors in high dimen-
sional regression problems and even if the true model is not exactly linear.
In particular, the proposed method is always valid if the employed predictor
is consistent for the unknown regression function (or for an appropriate sur-
rogate target), and is therefore applicable to complex data structures and
methods such as non-parametric regression or LASSO prediction.

Third, we discuss issues of interval length and find that in typical situa-
tions predictors with smaller mean squared prediction error lead to shorter
prediction intervals. For ordinary least squares prediction, we also investi-
gate the impact of the dimensionality of the regression problem on the in-
terval length and discuss the relationship between the leave-one-out method
and an obvious sample splitting technique. All our results hold uniformly
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over large classes of data generating processes and under weak assumptions
on the unknown error distribution (e.g., the errors may be heavy tailed and
non-symmetric, and the standardized design vectors Cov [xi]_l/ 2x; may have
dependent components and a non-spherical distribution).

Our work is greatly inspired by El Karoui et al. (2013) and Bean et al.
(2013) (see also El Karoui, 2013, 2018), who investigate efficiency of general
M-estimators in linear regression when the number of regressors p is of the
same order of magnitude as sample size n. In particular, the M-estimators
studied in these references provide one leading example of a class of linear
predictors for which our construction of prediction intervals leads to condi-
tionally valid predictive inference even in high dimensions.

The remainder of the paper is organized as follows. In the following Sub-
section 1.1 we give a brief overview of alternative methods from the large
body of literature on predictive inference in regression. Subsection 1.2 in-
troduces the notation that is used throughout the paper. Sections 2 and 3
proceed along a general-to-specific scheme. We begin, in Subsection 2.1, by
introducing the general leave-one-out method and the notion of conditional
validity and we take a first step towards proving that the latter property is
satisfied. In Subsection 2.2, we draw the connection between conditional va-
lidity and algorithmic stability and present our main results which provide
generic sufficient conditions for conditional validity. In Section 3 we then
show that these conditions can be verified in challenging statistical scenar-
ios where regression function estimation and the bootstrap usually fail to
be consistent. In particular, we consider linear predictors based on regular-
ized M-estimators and based on James-Stein-type estimators in a situation
where the number of regressors p is not small relative to sample size n. We
also take a closer look at the ordinary least squares estimator, because its
simplicity allows for a rigorous discussion of the resulting interval length.
In Section 4, we then also discuss the important case where the employed
predictor is consistent (possibly for some pseudo target rather than the true
regression function) and we provide examples on non-parametric regression
and high-dimensional LASSO. The case of consistency is an important test
case for our method. Finally, in Section 5, we provide some further discus-
sions and sketch possible extensions of our results. Most of the proofs are
deferred to the supplementary material.

1.1. Related work. In a fully parametric setting, predictive inference is
essentially a special case of parametric inference (see, e.g., Cox and Hinkley,
1974, Section 7.5). Constructing valid prediction sets becomes much more
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challenging, however, if one is interested in a non-parametric setting. By
non-parametric, we do not only mean that the regression function can not
be indexed by a finite dimensional Euclidean space, but also that the random
fluctuations y; — E[y;||«;] about the conditional mean function can not be
described by a parametric family of distributions.

1.1.1. Tolerance regions. A rather well researched and classical topic
in the statistics literature is the construction of so called tolerance re-
gions or tolerance limits, which are closely related to prediction regions.
A tolerance region is a set valued estimate TR,(T,,) C R™ based on
ii.d. m-variate data z1,...,zn, T, = (21,...,2n), such that the proba-
bility of covering an independent copy zg is close to a prescribed confi-
dence level. More precisely, a (1 — «, p) tolerance region T'R is such that
P (P""(29 € TR||T},) > 1—a) = p, and TR is called a (1 — «a)-expectation
tolerance region, if Epn [P (29 € TR||T,)] = P" (20 € TR) = 1 — « (cf.
Krishnamoorthy and Mathew, 2009). The study of non-parametric tolerance
regions goes back at least to Wilks (1941, 1942), Wald (1943) and Tukey
(1947) (see Krishnamoorthy and Mathew, 2009, for an overview and further
references) and is traditionally based on the theory of order statistics of
i.i.d. data. These researchers already obtained multivariate distribution-free
methods, that is, tolerance regions that achieve a certain type of validity
in finite samples without imposing parametric assumptions. The connection
to prediction regions is apparent: If z; = (x;,y;), then a tolerance region
TR (T,) for zy = (x0,yo) can be immediately used to obtain a prediction re-
gion for yg by setting PR (T}, x0) = {y : (x0,y) € TRu(T,)}. However, this
is arguably not the most economical way of constructing a prediction region.
In fact, the construction of a multivariate and possibly high-dimensional tol-
erance region appears to be a more ambitious goal than the construction of
a prediction region for a univariate response variable. In particular, since
estimation of the full density of zy — which could be used to compute an
optimal highest density region — is usually not feasible if the dimension m
is non-negligible compared to sample size n, one has to specify a shape for
the tolerance region TR, and it is not obvious which shapes are preferable
in a non-parametric setting. For example, Bucchianico et al. (2001) provide
results for smallest possible hyperrectangles and ellipsoids, but obtain only
the classical large sample asymptotic results with fixed dimension. Chatter-
jee and Patra (1980) estimate the density non-parametrically, which fails
in high dimensions. Li and Liu (2008) use a notion of data depth to avoid
the specification of the shape, but the fully data driven method, again, is
only shown to be valid asymptotically, with the dimension fixed. Finally, nu-
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merically computing the xg-cut of TR, to obtain PR, is computationally
demanding and the result is sensitive to the shape of T R,.

1.1.2. Conformal prediction. A strand of literature which has emerged
from the early ideas of non-parametric tolerance regions, but which is more
prominent within the machine learning community than the statistics com-
munity, is called conformal prediction (Vovk et al., 1999, 2005, 2009). Con-
formal prediction is a very flexible general framework for construction of
prediction regions that can be used in conjunction with any learning al-
gorithm. The general idea is to construct a pivotal p-value 7(y,) to test
H, : yo = ys based on the sample T, and x(, for each possible value
1y« of 7o, and to invert the test to obtain a prediction region for yq, i.e.,
PR, ={y : n(y) > a}. The method was primarily designed for an on-line
learning setup (cf. Vovk et al., 2009), but has recently been popularized in
the statistics community by Lei et al. (2017, 2013) and Lei and Wasser-
man (2014), who study it as a batch method. Aside from their flexibil-
ity, conformal prediction methods have the advantage that they are valid
in finite samples, in the sense that the unconditional coverage probability
P"tl(yg € PR,) is no less than the nominal level 1 — «, provided only
that the feature/response pairs (xo,v0), (1,Y1),-- -, (Tn, yn) are exchange-
able. On the other hand, their practical implementation is not so straight
forward, because, for the test inversion, the p-value m has to be evaluated
on a grid of possible y values, which is especially tricky if the conformal
prediction region is not an interval (see Chen et al. (2017) and Lei (2017)
for further discussion of these issues). Moreover, it is not clear if the classical
conformal methods can also provide a form of conditional validity. In Vovk
(2012), a version of conformal prediction was presented that achieves also
a certain type of (approximate) conditional validity. However, the method
relies on a sample splitting idea, which usually makes the prediction region
unnecessarily wide (see Sections 3.4 and 5.2 for further discussion of sample
splitting techniques). A different version of conditional validity (conditioning
on xp), is discussed in Barber et al. (2019a) (see also Remark 5.3 below).

1.1.3. The jackknife+. Barber et al. (2019b) recently proposed a mod-
ification of the leave-one-out method considered here. For the modified
method, which they call jackknife+-, they derived a finite-sample lower bound
for the unconditional coverage probability, under the assumption that the
feature/response pairs are exchangeable and without requiring that the pre-
diction algorithm is stable. For a jackknife+ interval with nominal coverage
probability 1 — «, the lower bound is 1 — 2¢q; if the prediction algorithm is



Steinberger, Leeb / Conditional predictive inference for stable algorithms 7

stable (under omission of a single feature/response pair), the lower bound
moves closer towards 1 — a (provided that the interval is slightly modified
further). In simulations and data-examples, Barber et al. (2019b) found that
the jackknife+ performs essentially like the jackknife, i.e., like the method
considered in this paper, unless the prediction algorithm is highly unstable;
in the unstable case, jackknife+ outperforms jackknife. The use of an unsta-
ble prediction method is, of course, debatable, at least if the user is aware
of the instability. The conditional performance of the jackknife+ interval,
i.e., its coverage probability conditional on the training data, is yet to be
analyzed.

1.2. Preliminaries and notation. For p € N, let Y C R and X C R? be
Borel measurable sets and let Z = X x ). Moreover, let P be some class
of Borel probability measures on Z and, for n € N, n > 2, let P™ denote
the n-fold product measure of P € P. For P € P, we write 29 = (x0,Yo)
for a random vector distributed according to P and we write T}, = (2;)/",
z;i = (i,yi), for a training sample, where zo, 21, ..., 2, are independent and
identically distributed according to P. This means that (T,, zo) is distributed
as P""1. By mp(z) := Ep[yol|zo = 2], mp : X — R, we denote (a version
of) the true unknown regression function, if it exists. We sometimes express

the training data T,, as (X,Y), where X = [z1,...,2,] is of dimension
nxpandY = (y1,...,y,)" is a random n-vector. Moreover, X’ denotes
the transpose of X, and we write (X'X )t for the Moore-Penrose inverse
of X'X. Similarly, we write X}; = [21,...,%i-1,%it1,..., 2] and Y} =

(Y1, Y1, Yir 1, Yn) -

Next, we formally define the notion of a (learning) algorithm and that
of a predictor (or estimator) m,, and its leave-one-out equivalent miﬁ. Con-
sider a measurable function M, , : Z" x X — R. M, , is also called a
learning algorithm. For each vector z € X, we set 1, (z) = M, ,(T,,x) and
ikt (z) = Mn,Lp(TT[f],x), where T/ = (2j)j#i» © = 1,...,n, denotes the re-
duced training sample where the observation z; = (z;,y;) has been deleted.
Thus whenever we are talking about a predictor, we implicitly talk about
the pair of functions (M, p, M;,,—1,p). A predictor 1, is called symmetric if

for every choice of z1,...,2, € Z, every x € X and every permutation 7 of
n elements, M, ,((2i)j=y, ) = Mpp((2x())i=1, ), and if the same holds true
for M,,—1 p. Since the training data T}, = (21, ..., z,) are assumed to be i.i.d.,

it is natural to consider symmetric predictors. Also note that, although com-
putationally demanding, in principle any predictor m,, can be symmetrized
by averaging over all possible permutations of the training data.



8 Steinberger, Leeb / Conditional predictive inference for stable algorithms

If A(t) € B(Z),t € 2", is a collection of Borel subsets of Z, then we define
the conditional probability of A(7),) given the training sample T,, = ¢ by
Pz € A(T,)|| T, = t) := P(A(t)). For example, if PI(t,z) is an interval
depending on t € Z" and x € X, then P""(yg € PI(T,,x0)||T,, = t) :=
P({(z,y) € Z:y € PI(t,x)}), assuming measureability. If f : D — R is a
real function on some domain D, then |||l = supep |f(s)|. For a,b € R,
we also write a V b = max(a,b), a A b = min(a,b) and ay = a V0, and let

[0] denote the smallest integer no less than § € R. We write U £ V., if the
random quantities U and V are equal in distribution and the underlying
probability space is clear from the context. By a slight abuse of notation,

we also write U = L if the random variable U is distributed according to
the probability law £y and, again, the underlying probability space is clear
from the context.

For our asymptotic statements, we will also need the following conven-
tions. Let (pn)nen be a sequence of positive integers. If, for each n € N,
P, is a collection of probability distributions on Z, C RP**! and ¢, :
Z" x P, — R is a function such that for every P € P,, t — o¢,(t, P) is
measurable, then we say that ¢, is Pp-uniformly bounded in probability
if limsup,, , ., suppep, P"(|¢n(Tn, P)| > M) — 0, as M — oo, and write
¢n = Op,(1). If suppep, P"(|¢n(Th, P)| > €) — 0, as n — oo, for every
e > 0, then we say that ¢, converges P,-uniformly in probability to zero
and write ¢,, = op, (1). Similarly, we say that ¢, converges P,-uniformly in
probability to ¥, : Z' x P, — R, which is also assumed to be measurable
in its first argument, if |¢,, — ¥,| = op, (1).

2. Main results.

2.1. Leave-one-out prediction intervals and conditional validity. For o €
(0,1), we want to construct a prediction interval PI,(T,,zo) = (M, (x0) +
Lo(Ty), 1 (x0) + Un(T},)] for yo, where L, and U, are measurable functions
on Z", such that

(2.1) sup Ep» HP”“ (yg € PIa(Tn,xo)‘
(S

SR

is small. We can not expect the expression in (2.1) to be equal to zero
for some fixed n and a reasonably large class P (see Remark 5.1 below).
Therefore, we are content with (2.1) being close to zero as n, and possi-
bly also p, is large. This notion of conditional validity is related to what
Vovk (2013) calls training conditional validity, and which is itself closely
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related to the conventional notion of a (1 — «,p) tolerance region for p
close to 1 (cf. Krishnamoorthy and Mathew, 2009). However, these con-
ventional definitions require only that the conditional coverage probability
P (yy € PI (T}, x0)|T,) is no less than the prescribed confidence level
1 —a, with high probability, whereas the requirement that (2.1) is small also
excludes overly conservative procedures. Note that if (2.1) is small, then also

|Pn+1 (yo € Plo(Tn, o)) — (1 — O‘)‘
- ’Epn [P”“ (yo e Pfa(Tn,xo))

£) -
)~

will be small. Hence, the prediction interval is then also approximately un-
conditionally valid, uniformly over P € P.

< Epn HP”+1 (y(] S PICM(T'I’IJxO)’

If the conditional distribution function s — F,(s) := P™! (yg — i, (20) <
s||Ty) is continuous, then, for 0 < a1 < ag < 1 fixed, there is an optimal
shortest but infeasible interval

(2.2) PIOED) = (10, (20) + G 170 (%0) + ]

in the set of all prediction intervals PI of the form PI = PI(T,,xq) =
(M (z0) + L(T3), mp(x0) + U(T,,)] that also satisfy

(2.3) prl (yo < inf PI’

Tn) = oq, and

(2.4) prl (yo > sup PI‘

Tn)::l*()égl

Simply choose §,, to be the largest a;;-quantile of F and (o to be the small-
est as-quantile of Fj,. This gives the user the flexibility to choose precisely
what error probability of under and over-prediction she is willing to accept.
Thus, for PI&?,gg), (2.1) is actually equal to zero (for ay+1—ay = ), at least
if P contains only probability distributions on Z for which F, : R — [0, 1]

is almost surely continuous.

We propose the following simple jackknife-type idea to approximate the
optimal infeasible procedure: For a € [0, 1], let g, denote an empirical a-
quantile of the sample 1, . .., 4, of leave-one-out residuals i; = y; —miﬁ (24).
To be more precise, we set §o = U([na)) if @ > 0 and go = Gy —€e™" (any
number strictly less than ;) would do), where Uy < Uy < -+ <y are
the order statistics of the leave-one-out residuals. Then the leave-one-out
prediction interval is given by

(2.5) PIEON (T w0) = tivn(@0) + (dass dos -
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Excluding the left endpoint turns out to be convenient for proving
Lemma 2.1 below. The random distribution functions

(2.6) Fals) = Bl To) = - S 1o (i)
1=1
and
(2.7) Fo(s) := Fu(s;Ty) := P (yo — 1hn(w0) < s||Th),

s € R, play a crucial role in the analysis of the leave-one-out prediction
intervals.

The idea behind the leave-one-out procedure is remarkably simple. To
estimate the conditional distribution F, of the prediction error yo — mn(20)
we simply use the empirical distribution F, of the leave-one-out residuals
U = y; — miﬁl (x;). Notice that m,, is independent of (zg,yp), and mlﬁ is
independent of (z;,y;), and thus, @; has almost the same distribution as the
prediction error, except that 'fnw is calculated from one observation less than
my,. In many cases this difference turns out to be negligible if n is large, even
if p is relatively large too. Note, however, that the leave-one-out residuals
(4;);, are not independent.

The following elementary result shows that, indeed, the main ingredient
to establish conditional validity (2.12 of the leave-one-out prediction interval

in (2.5) is consistent estimation of F), in Kolmogorov distance.

LEMMA 2.1. For 0 < a1 < ag <1, and if the fized (non-random) train-
ing sample t,, € Z™ is such that the leave-one-out residuals u; = u;(ty),

1 =1,...,n, are all distinct, then the leave-one-out prediction interval de-
fined in (2.5) satisfies

[nag] — [naq ]

< 2||Fn_Fn”oo'
n

’P (yo e PIMO) ¢, a:o)) -

REMARK 2.2. Note that the inequality of Lemma 2.1 is a purely al-
gebraic statement for a fixed training set t,. Also note that the coverage

probability P(yo € PI&?}OZ) (tn, o)) is a version of the conditional probabil-

ity P+ (yo € PIS ) (T, 20) || T = tn).

PrOOF OF LEMMA 2.1. By definition,
P (o € IS (tn20)) = Fuldas) = Frlder)
= Fn(‘jaz) - Fn(‘jag) + Fn(‘joq) - Fn(‘joq) + Fn(daz) - n(dal)-
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For a1 > 0,

Ny (Gay) — nFn(doy) = [{i <m0t gy < fnao H — i <0 iy < Anann

= [nag] — [nay],
and nﬁn((jaz) — nFn((jo) = ‘{z <n:dg < ﬁ([mﬂ)}‘ — 0 = [naz]. Thus,

Fn(qaz) - Fn(qal) = wv

which concludes the proof. ]

By virtue of Lemma 2.1, most of what follows will be concerned with
the analysis of ||E, — Fy|lso. We are particularly interested in situations
where, for a fixed x € X, ",(z) does not concentrate around mp(z)
with high probability but remains random (cf. Remark 5.2 below). In
such cases, the unconditional distribution function of the prediction error
P (yg — 1, (20) < s) = Epn[F,(s)], the empirical distribution function of
the ordinary residuals %2?21 1(—oo,s) (i — Mn(z;)) and the true error dis-
tribution function P(yo — mp(zp) < s) need not be close to one another,
because m, may not contain enough information about the true regression
function mp (see, for instance, Bickel and Freedman (1983) and Bean et al.
(2013) for a linear regression example where mp(z) = 2/8p)!. Nevertheless,
we will see that even in such a challenging scenario, it is often possible to
estimate the conditional distribution F}, of 4o — 7, (o), given the training
sample T,,, by the empirical distribution F, of the leave-one-out residuals.

2.2. The role of algorithmic stability. In this section we present general
results that relate the uniform estimation error ||F), — Fy,||so to a measure
of stability of the estimator m,,. For our first result, sample size n > 2 and
dimension p > 1 are fixed. We only need the following condition on the class
of distributions P on Z = X x ).

(C1) Under every P € P, the distribution of zy = (x0, yo) has the following
properties:?> The regression function z +— mp(z) = Eplyollzo = 7]

Tt turns out, however, at least in the linear model mp(z) = 2’Bp and for appropriate
estimators of Sp, that the conditional distribution of the prediction error F, does stabilize
at its mean, i.e., the unconditional distribution, even if n and p are of the same order of
magnitude (cf. Section 3.3 and Lemma A.7 in the proof of Theorem 3.4).

2To be formally precise, one should interpret zo as the identity mapping of X C R?
onto itself and yo as the identity mapping of J C R onto itself.
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exists and the error term ug := yo — mp(zg) is independent of the
regressor vector zo and has a Lebesgue density f, p with || f, pllec <
0.

REMARK 2.3. The boundedness of the error density f, p can be relaxed
to a Holder condition on the cdf of ug at the expense of a slightly more
complicated theory.

REMARK 2.4. Note that by continuity of the cdf of the error distribution
up, for every a € [0,1], there exists a quantile g, p(a) such that P(ug <
qu,p(c)) = a. However, ¢, p(«) may not be uniquely determined by this
requirement.

Building on terminology from Bousquet and Elisseeff (2002) (see also
Devroye and Wagner (1979)), we use the following notion of algorithmic
stability.

DEFINITION 1. Forn >0 and P as in (C1), we say the predictor my,, is
n-stable with respect to P if

}S;telngm [(Hfu,plloo)mn(:vo)—mﬁ(mo)b /\1} <mn Vi=1l...,n

By exchangeability of zg, 21, ..., 2y, it is easy to see that a symmetric
predictor my, is 7-stable w.r.t. P if, and only if, Epn+1[(|| fu,Pllco|Tn (z0) —
k) (zo)|) A1) < nfor all P € P. Also note that a 0-stable predictor can not
depend on the training data in a non-trivial way (cf. Lemma B.4).

We are now in the position to state our main result on the estimation of
Fu(s) = P (go — tiun(20) < |T) by Fu(s) = 2 30, 1o (i),

THEOREM 2.5. Suppose the class P satisfies Condition (C1) and the
estimator my, is symmetric and n-stable w.r.t. P. Then, for every P € P,
every L € [1,00) and every p € R, we have

Epn 1B = Fulloe| < P(yo = mp(a0)| > L)
+ P (Jmp (o) — rin(20) — p| > L)

1 V5N
#3 (Ll (55 +30) ) /2 + 60

For illustration and later use we also provide an asymptotic version of
this result.
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COROLLARY 2.6. Forn € N, let p = p, be a sequence of positive in-
tegers and let Py be as in (C1) but with X = X, C RP» depending on

n. Suppose that for P € Py, there exists 0% = 0%, € (0,00) such that

lim sup,, o, Suppep, Hfu/op,PHOO < 00, where fu/op,P(S) = UPfu,P(SUP) is
the scaled error density. Moreover, assume that the estimator m,, is symmet-
ric and ny-stable w.r.t. Py, such that n, — 0 as n — oo. If the scaled esti-
mation errors |mp(xg) —mp(zo)|/op and the scaled errors |yo—mp(xo)|/op
both are Py-uniformly bounded, then

sup Epn [Hﬁn _ Fnuoo] — ..
PePy, n—reo

Moreover, for 0 < a1 < ag < 1, the leave-one-out prediction interval is
uniformly asymptotically conditionally valid, i.e.,

sup Epn HP”Jrl <y0 € Plgflog)(Tn,xo)‘
PeP, '

Tn> — (g — al)H — 0.

n—o0

PRrOOF. Apply Theorem 2.5 with L = l,0p, u =0 and l,, = 0 (ﬁ + 317n),
l, — o0 as n — oo. For the second claim, note that under (C1), P™(u; =
Gi2) = 0 and apply Lemma 2.1. O

Theorem 2.5 provides an upper bound on the risk of estimating the con-
ditional prediction error distribution F, by the empirical distribution of the
leave-one-out residuals F,. The upper bound crucially relies on the prop-
erties of the chosen estimator m,, for the true unknown regression function
mp. If the sample size is sufficiently large and if the estimator is sufficiently
stable and has a moderate estimation error, then the parameter L can be
chosen such that the upper bound is small. This is what we do in Corol-
lary 2.6. It is important to note that Theorem 2.5 and Corollary 2.6 are
informative also in case the estimator 7, is not consistent for mp, as is
often the case when p/n - 0. The bound of Theorem 2.5 also exhibits an
interesting trade-off between the 7-stability of m, and the magnitude of
its estimation error. More stable estimators are allowed to be less accurate
whereas less stable estimators need to achieve higher accuracy in order to
be as reliable for predictive inference purposes as a more stable algorithm.

The proof of Theorem 2.5 relies, among other things, on a result of Bous-
quet and Elisseeff (2002) which bounds the L?-distance between the gen-
eralization error of a predictor 1, (i.e., Epni1[(yo — mn(20))?||Ty]) and its
estimate based on leave-one-out residuals, in terms of the stability properties
of m,,. See Section A.1 for details.
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Theorem 2.5 and Corollary 2.6 show that the leave-one-out prediction
interval in (2.5) is approximately uniformly conditionally valid, i.e., has the
property that (2.1) is small at least for large n, provided that the underlying
estimator m,, has two essential properties. First, the estimator must be n-
stable with respect to the class P over which uniformity is desired, with an
1 value that is small if n is large. More precisely, we require

28) = sp B ([ fuploclin(wo) bl (ao)) A1] 0
This is an intuitively appealing assumption since otherwise the leave-one-out
residuals 4; = y; — miﬁ (z;) may not be well suited to estimate the distri-
bution of the prediction error yy — my,(xo). Second, the scaled estimation
error (mp(xg) — 1 (z0))/op at the new observation xy must be bounded in
probability, uniformly over the class P. Formally,

(2.9) limsup sup P"H! <|mp(x0) — "n(20)| > M) — 0.
n—oo PP, op M—oco

This is used to guarantee that the conditional distribution F), of the pre-
diction error yo — 1y, (xo) given the training data is tight in an appropriate
sense (cf. Lemma A.3(ii)), so that a pointwise bound on |F},(t) — F,(t)| can
be turned into a uniform bound. The remainder of this paper is therefore
mainly concerned with verifying these two conditions on the estimator m,
in several different contexts. From now on, as in Corollary 2.6, we will take
on an asymptotic point of view.

3. Linear prediction with many variables. In this section we in-
vestigate a scenario in which both consistent parameter estimation as well
as bootstrap consistency fail (cf. Bickel and Freedman, 1983; El Karoui and
Purdom, 2015), but the leave-one-out prediction interval is still asymptoti-
cally uniformly conditionally valid. See Section 4 for a discussion of scenarios
where consistent parameter estimation is possible. For k € [0,1), we fix a
sequence of positive integers (py), such that p,/n — k as n — oo and
n > p, + 1 for all n € N. In case k > 0, this type of ‘large p, large n’
asymptotics has the advantage that certain finite sample features of the
problem are preserved in the limit, while offering a workable simplification.
It turns out that conclusions drawn from this type of asymptotic analyses
often provide remarkably accurate descriptions of finite sample phenomena.

When working with linear predictors my,(z¢) = $6Bn, and if the feature
vectors x; have second moment matrix ¥ p = Ep[zz(] under P, the condi-
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tions (2.8) and (2.9) can be verified as follows. For € > 0,
Epesr | ([l fusplloclrivn(o) = mfl (zo)[) A 1]

n ¢ Bn — 57[11]
< (VI fusop,pllso) (P 1 (M >c| +e

op
< (1 \ ”fu/o’p,PHOO) <]EP” |:<€12 H211D/2 <,3n - BL”) /UpHi) A 1:| +€> s

where, for the second inequality, we have used the conditional Markov in-
equality along with independence of xy and T,,. Thus (2.8) follows if the
scaled error densities fy /5, p, P € Pn, n € N, are uniformly bounded and

a0 g ([ (), s> ) 0

for each £ > 0. By a similar argument, we find that (2.9) follows if

(3.2) limsup sup P" <HE};/2 (Bn — 6p)H2/ap > M) — 0 and

n—oo PeP, M—o00

o/
(3.3)  limsup sup P <\mp(x0) 7o5p| > M) —— 0,
n—oo PePp, op M—o0

for some vectors Sp € RP», P € Py, n > 1.

3.1. Regularized M -estimators. An important class of linear predictors
for which our theory on the leave-one-out prediction interval applies are
those based on regularized M-estimators investigated by El Karoui (2018)
in the challenging scenario where p/n is not close to zero (see also Bean
et al., 2013; El Karoui, 2013; El Karoui et al., 2013). For a given convex
loss function p : R — R and a fixed tuning parameter v € (0,00) (both not
depending on n), consider the estimator

A ) 1 & y
(3.4) BY) = argminyegy ;P(yi — x3b) + §||b||%-
1=
In a remarkable tour de force, El Karoui (2018) studied the estimation er-
ror HBA?(lp) — B2 as p/n — k € (0,00), in a linear model y; = x}8 + w;,
allowing for heavy tailed errors (including the Cauchy distribution) and
non-spherical design (see Section 2.1 in El Karoui, 2018, for details on the

technical assumptions). In particular, the author shows that H/@(f ) — Bll2
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converges in probability to a deterministic positive and finite quantity
rp(r) and characterizes the limit through a system of non-linear equations.
On the way to this result, El Karoui (2018, Theorem 3.9 together with
Lemma 3.5 and the ensuing discussion) also establishes the stability prop-
erty HB&D ) _ Bflp [)1] ]2 — 0 in probability. Thus, under the assumptions main-
tained in that ’reference, (3.1), (3.2) and (3.3) hold, and the leave-one-out
prediction interval (2.5) based on the linear predictor m,(xo) = xf)@(f ) is
asymptotically conditionally valid, provided that also the boundedness con-
dition limsup,,_,., suppep, || fu/op,pllc < o0 of Corollary 2.6 is satisfied.
Finally, we note that a detailed assessment of the predictive performance of
B,(Ip ) in dependence on p requires a highly non-trivial analysis of r,(x). For
the asymptotic validity of the leave-one-out prediction interval, however, all
the information needed on 7,(k) is that it is finite.

3.2. James-Stein type estimators. Another important example is the
class of linear predictors m,(zg) = mgﬁfl‘]s) based on James-Stein type es-
timators Bﬁjs) defined below. Here, we can allow for the following class of

data generating processes.

(C2) Fix finite constants Cy > 0 and ¢y > 0 and probability measures £;
and L,, on (R, B(R)), such that £,, has mean zero, unit variance and
finite fourth moment, [ s2£;(ds) =1 and £;((—co, o)) = 0.
For every n € N, the class P,, = P, (L, Ly, Cp) consists of all proba-
bility measures on 2" C RP»*1 such that the distribution of (zo, o)
under P € P, has the following properties: The xg-marginal distribu-
tion of P is given by

L 1/2 /
o = ZOEP (wla"'van) )
.. . L ..
where wy, ..., wp, are ii.d. according to L, lo = £; is independent of

the w; and 2}3/2 is the unique symmetric positive definite square root
of a positive definite p, X p, covariance matrix ¥ p.

The response yo has mean zero and its conditional distribution given
the regressors zg under P is

c
Yollko = mp(zo) + opvo,

where vy is independent of xy and has mean zero, unit variance and
fourth moment bounded by Cj, where mp : RP» — R is some measur-
able regression function with Ep[mp(z¢)] =0 and op € (0, 00).
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In words, under the distributions in P, the feature/response pair (zg, o)
follows a non-Gaussian random design non-linear regression model with re-
gression function mp and error variance op. Moreover, the feature vectors x;
are allowed to have a complex geometric structure, in the sense that the stan-
dardized design vector Z;l/ 23:1 is not necessarily concentrated on a sphere
of radius /p,, as would be the case if £; was supported on {—1,1} (see,
e.g., El Karoui (2010, Section 3.2) and El Karoui (2018, Section 2.3.1) for
further discussion of this point). The model P,, in (C2) is non-parametric,
because the regression function mp is unrestricted, up to being centered,
and the error distribution is arbitrary, up to the requirements Ep[vg] = 0,
Ep[vd] = 1 and Ep[vg] < Co.

To predict the value of yy from zp and a training sample T, = (x;, y;)"
with n > p, + 2, generated from P", we consider linear predictors 7, (xg) =
xyPn(c), where (3,(c) is a James-Stein-type estimator given by

— %) 3 e A VYA
Bn(c) = (1 B XX B +5n7 if BnX XBn >0,

0, if 3/ X'Xf, =0,

for a tuning parameter ¢ € [0,1]. Here 8, = (X'X)IX'Y, 62 = |V —
XB,|12/(n — pp). The corresponding leave-one-out estimator /637[5] (c) is de-
fined equivalently, but with X and Y replaced by X};) and Y};. Note that
the leave-one-out equivalent of 62 = 62(X,Y) is given by

&7 1 (Xpas Yi) = 6n_1 (X, Yip) = 1Y — X3/ (n =1 = py).

The ordinary least squares estimator B belongs to the class of James-Stein
estimators. In particular, Bn(()) = B, because, with Py = X(X'X)' X', we
have ||PxY |2 = 8, X'X B, = 0 if, and only if, Y € span(Px)* = span(X)*,
and the latter clearly implies Bn =0.

Using James-Stein type estimators for prediction is motivated, e.g., by the
optimality results of Dicker (2013) and the discussion in Huber and Leeb
(2013). The next result shows that in the model (C2) with p,/n — Kk €
(0,1) and if the deviation from a linear model is not too severe, the James-
Stein-type estimators are sufficiently stable and their estimation errors are
uniformly bounded in probability, just as required in (3.1) and (3.2).

THEOREM 3.1.  For every n € N, let Py, = Pn(Ly, Ly, Co) be as in Con-
dition (C2) and suppose that under every P € P,, the error term vy in
(C2) has a Lebesgue density. For P € Py, define Bp to be the minimizer of
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B+ Ep[(yo — B'z0)?] over RP». If p,/n — K € [0,1), 0 < ¢, < 1 for all
n €N, and

(3.5) limsup sup Ep

n—oo PeP, op

<mP(fc0)—~’06ﬁP>1 < oo,

then the positive part James-Stein estimator Bn(cn) satisfies (3.2), i.e.,

limsup sup P" (HE}D/Z(BH(CH) - ﬁp)/Usz > M) — 0.

n—o0o PeP, M—o00

If, in addition, k > 0, then for every e > 0, (3.1) is also satisfied, i.e.,

sup P" (Hz}ﬁ(ﬁn(cn) I (cn))/UpH2 > 5) o

PeP, n—00

REMARK 3.2. Under the assumptions of Theorem 3.1, uniform asymp-
totic conditional validity of the leave-one-out prediction interval follows,
provided that, in addition, the errors vy in Condition (C2) have uniformly
bounded densities (cf. Corollary 2.6). To see this, note that (3.1) and (3.2)
are conclusions of the theorem, that uniformly bounded fourth moment of
the error implies P,-uniform boundedness and that (3.3) is a consequence
of assumption (3.5).

REMARK 3.3. The last statement of Theorem 3.1 can also be established
for the case Kk = 0 but would require a slightly different proof strategy. Since
this case is statistically less interesting we omit it for the sake of brevity.

3.3. Ordinary least squares and interval lemgth. We investigate the
special case of the ordinary least squares predictor m,(z) = 28, =
/(X' X)TX'Y in some more detail, because here also the length

‘Pléc[{,laog) = (jaz - (joqa

of the leave-one-out prediction interval (2.5) permits a reasonably simple
asymptotic characterization. We consider a class P,(le) = Pélm)(ﬁl, Loy, Ly)
which is a subset of the one of Condition (C2), with the additional assump-
tion that the regression function mp is linear and that the error distribution
is fixed (up to arbitrary scaling).

(C3) Fix a finite constant ¢p > 0 and probability measures £;, £,, and L,
on (R, B(R)), such that £,, and £, have mean zero, unit variance and
finite fourth moment, [ s2£;(ds) =1 and £;((—co, o)) = 0.
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For every n € N, the class }L“”) = fl“") (L, Ly, L) consists of all
probability measures on RP»*1 such that the distribution of (zg,yo)
under P € P, has the following properties: The xg-marginal distribu-
tion of P is given by

L 1/2 /
Ty = ZOEP/ (w1, ... wp,),

where wi, ..., wp, are ii.d. according to L, lo £ L; is independent of

the w; and 2}3/2 is the unique symmetric positive definite square root
of a positive definite p,, X p, covariance matrix X p.

The conditional distribution of the response yq given the regressors xg
under P is

c
Yollzo = zo6p + opuo,

where vg £ L, is independent of xg, and where Sp € RP* and op €
(0,00).

Note that under (C3), the distributions £;, £,, and L, are fixed, so that
737(1””) is a parametric model indexed by Sp, Xp and op. However, these
parameters may depend on sample size n, and the dimension p, of Sp and
3.p may increase with n. Subsequently, we aim at uniformity in these pa-

rameters.

THEOREM 3.4. Fiz o € [0,1]. For every n € N, let P, =
Pr(fm)(ﬁl,ﬁw,ﬁv) be as in (C3). If pp/n — k € (0,1) then the scaled empiri-
cal a-quantile (ja/apﬂ of the leave-one-out residuals i; = y; — x;B,[f] based on
the OLS estimator 3, = (X' X)TX'Y converges Py, -uniformly in probability

to the corresponding a-quantile q,, of the distribution of

INT+v
and I, N,7 and v are defined as follows: | £ L, N £ N(0,1), and v £ L,
are independent, and T = 7(L;, k) is non-random.

The same statement holds also for k = 0, provided that, in addition, L,
has a continuous and strictly increasing cdf and p, — 0o as n — 0.

Here, the function k — 7(Ly, k) € [0,00) defined on [0,1) has the following
properties: For any L; as in (C3), (L, k) = 0 if, and only if, Kk = 0. If
L;{-1,1}) =1, then 7(Ly, k) = VK/(1 — K).

Theorem 3.4 shows how the length g, —§a, of the leave-one-out prediction
interval for the OLS predictor depends (asymptotically) on £;, £, and k =
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lim;, 00 pp/n. For simplicity, let £;({—1,1}) = 1 and consider an equal
tailed interval, i.e., oy = a/2 = 1 — aw. Figure 1 shows asymptotic interval
lengths as functions of x € [0, 1] for different values of error level o in the
cases L, = Unif{—1,1} and £, = N(0,1). For a wide range of x values (k €
[0, 0.8]), the interval length is almost constant. However, for high dimensional
problems (k > 0.8) the interval length increases dramatically, as expected,
because here the asymptotic estimation error 7 = y/k/(1 — k) explodes. We
also get an idea about the impact of the error distribution, on which the
practitioner has no handle. In particular, for large error levels (o = 0.6)
we even observe a non-monotonic dependence of the interval length on k,
which seems rather counterintuitive. This results from the non-monotonicity
of 72 = IQR4(N(0,72) % L,) = q1—a/2 — 4a/2, Where x denotes convolution,
which may only occur if the error distribution £, is not log-concave (e.g., the
blue curve for a = 0.6 in Figure 1; cf. the discussion in Section 5.1). Finally,
for large values of x, and thus, for large values of 7, the error distribution
has little effect on the interval length, because in that case the term N7
dominates the distribution of N7 4 v.

The result of Theorem 3.4 can be intuitively understood as follows. If the

true model Pélm) is linear and satisfies (C3) then the scaled prediction error

under P € Pr(fm) is distributed as

— mp(x0) ¢ A
yoUP(o) = lo(wr, ... 7wpn)2}3/2(/813 — Bn)/op + vo,

and for n large, HE}D/Q(BP — By)/oplla = 7 is approximately non-random,
so that (wl,...,wpn)E}Dm(,Bp — By)/op ~ whZr, where Z := E}DH(BP -
Bn)/”2g2(ﬁp — Bn)ll2 is a random unit vector that is independent of
wo = (wi,...,wp,) . Thus, if p, is large and Z satisfies the Lyapounov
condition ||Z||a45 — 0, then w(Z ~ N(0,1) (see Lemma A.7(ii)). This ef-
fect of additional Gaussian noise in the prediction error was also observed
by El Karoui (2013, 2018); El Karoui et al. (2013); El Karoui and Purdom
(2015). Note, however, that the conditions HE}D/Q(BP — By)/opll2 ~ T and
|1 Z]|245 — 0 are not necessarily satisfied for any estimator 3,. The former
condition is indeed more generally satisfied by robust M-estimators of the
form |

3(p) — - - g

By = argming gy - ; p(y; — x;b),
considered in El Karoui (2013, 2018) and under the model assumptions in
that reference (cf. Section 3.1). Here, p : R — R is an appropriate convex
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loss function. If ||Z]}3/2 (Bp — By(f))/gpﬂg ~ T < oo holds, then the Lyapounov
condition || Z|24+5 — 0 is also satisfied by B provided that the standard-

ized design vectors E;l/ 2331- follow an orthogonally invariant distribution,
because then one easily sees that

A~

BY — Bp+ 5230 £ B4 | B0)E V2D,

where 5 = argminyegp = > i p(u; — a;;EJ_Dl/ 2b) and U is uniformly dis-
tributed on the unit sphere and independent of || B,(Lp )||2 = "2}3/2(5P —

B,(Ip )) /op|l2, which is itself approximately constant equal to 7. However, this
distributional invariance of the estimator, which is required for the Lya-
pounov property to hold, is not satisfied, e.g., by the James-Stein estimators
(cf. Lemma B.3). If the mentioned conditions are not satisfied, much more
complicated limiting distributions of the prediction error than the one of
Theorem 3.4 may arise.

3.4. Sample splitting. An obvious alternative to the leave-one-out pre-
diction interval (2.5) is to use a sample splitting method as follows. Decide
on a fraction v € (0, 1) and use only a number n; = [vn] of observation pairs
(xi,yi), i €S, C{1,...,n}, |Sy| = ni1, to compute an estimate 1M, . Now use
the remaining n — ny observations to compute residuals ﬂgy) = Y — M, (25),
i€{l,...,n}\ S,. Since, conditionally on the observations corresponding
to Sy, these residuals are i.i.d. and distributed as yo — My, (o), construct-
ing a prediction interval of the form [my,, (xg) + L, My, (x¢) + U] for yo is
now equivalent to constructing a tolerance interval for yo — 1y, (o) based
on i.i.d. observations with the same distribution. One can now simply use

appropriate empirical quantiles L = q&”} and U = (jc(xl;) from the sample split-

ting residuals ﬂgy) (see also Section 5.2). Such a procedure is suggested, e.g.,

by Vovk (2012) and Lei et al. (2017).

In order to formally study the length of this sample splitting interval we
restrict to the case of OLS estimation, i.e., 7y, (2) = 2/3,,. Note that in
this case, the estimator will not be unique if n; < p,, so one usually re-
quires n1 > pp. Now, by the same mechanism as discussed in Section 3.3,
the empirical quantiles of the residuals ag”), i € S, converge (uncondition-
ally) to the quantiles of IN7' + u, where now 7’ is the non-random limit
of \\211[,/2(/6’1: — Bn,)/opll2. In particular, if £; degenerates to {—1,1}, then
7 = /K'/(1 = K), where ' = lim, oo pn/n1 = K/v. Thus, we can read
off the asymptotic interval length of the sample splitting procedure from
Figure 1 by simply adjusting the value of x to k/v. For instance, in the
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binary error case with o = 0.05, if k = 0.4 and we use sample splitting
with v = 1/2, then £’ = 0.8 and the asymptotic length of the leave-one-out
prediction interval is about 4.7, while the asymptotic length of the sample
splitting interval is about 9, so almost twice as wide.

4. Asymptotically degenerate (non-random) estimators. An-
other important class of problems, where the conditions (2.8) and (2.9) of
Subsection 2.2 are satisfied, are those where the estimator m,, asymptotically
degenerates to some non-random function which need not be the true re-
gression function mp : X — R. We point out that in the scenario considered
in this section, the naive approach that tries to estimate the true unknown
distribution of the errors u; in the additive error model (C1) based on the or-
dinary residuals y; —1, (x;) is often successful (asymptotically) for construct-
ing conditionally valid prediction intervals, provided consistent estimation of
mp. This less challenging but more classical setting of asymptotically non-
random predictors is an important test case for the leave-one-out method.
We still consider asymptotic results where the number of explanatory vari-
ables p = p,, can grow with sample size n. Thus, we consider a sequence
(pn)nen and a sequence (Pp)nen of collections of probability measures on
Z, C RP»*L Moreover, we have to slightly extend the usual definition of
uniform consistency of an estimator sequence to cover also the leave-one-out
estimate and the possibility of an asymptotically non-vanishing bias.

DEFINITION 2 (Uniform Asymptotic Degeneracy (UAD)). For everyn €
N, let p, € N, let P, be a collection of probability measures on Z, and let
02 : Pp — (0,00) be a positive functional on P,. We say that a sequence
of symmetric predictors my,(-) = My p, (Ty,-) is uniformly asymptotically
degenerate (UAD) with respect to (Pp)nen and relative to (02)nen, if there
erists measurable functions gp : RP» — R, such that for every e > 0,

(4.1) sup P! (\gp(xg) — My, p, (T, x0)| > ean(P)) ——0 and

PeP, n—eo
(42)  sup P"(lgp(@0) = Mu-1,, (T, 20)| > €0 (P)) ——> 0.
PEPn n—oo

The functional o2 (P) can be thought of, for instance, as the error variance
02(P) = Varp[yo —mp(z0)], if it exists. Of course, conditions (4.1) and (4.2)

n
coincide if the sequences (p,), (02) and (P,,) are constant. It is also easy to

see that if 772, is UAD with respect to (P,) and relative to (¢2),en, then
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the sequence of stability constants 7, satisfies (2.8), i.e.,

. 11
<an<p>|rfu,P||oo ritn (o) = ritn “0)’) A 1] .

Nn = sup Epn+1

PeP, on(P) n—00

provided that limsup, ,. suppep, on(P)||fu,pllcc < o00. Note that
fujon,p(v) = onfup(onv) is the density of the scaled error term
(yo — mp(zo))/on under P, with o, = o,(P). Furthermore, it
is equally obvious that the UAD property of m, together with
limsup,, o suppep, P(lmp(zo) — gp(xo)| > Moy (P)) — 0, as M — oo,
implies (2.9).

In the remainder of this subsection we list a number of examples where
the UAD property of m,,, and therefore (assuming (C1) and the mentioned
boundedness conditions, including the one on the error (yo — mp(zo))/op,
c.f. Corollary 2.6) also asymptotic conditional validity of the leave-one-out
prediction interval, holds. We emphasize that the conditions on the statisti-
cal model P, that are imposed in the subsequent examples, are taken from
the respective reference and we do not claim that they are minimal.

EXAMPLE 4.1 (Non-parametric regression estimation). Consider a con-
stant sequence of dimension parameters p, = p € N. For positive finite
constants L and C, let P(L,C) denote the class of probability distributions
Pon Z =X xY CRPH such that P(Jyg| < L) =1 = P(||ao|l2 < L) and
whose corresponding regression function mp : R? — R is C-Lipschitz, i.e.,
mp(z1) — mp(x2)| < C|lxy — x2]]2 for all x1,29 € X. Gyorfi et al. (2002,
Chapter 7) show that if 7h, is either an appropriate kernel estimate, a par-
titioning estimate or a nearest-neighbor estimate, all with fully data driven
choice of tuning parameter, then

sup P (|1, (z0) — mp(20)| > €) —— 0
PeP(L,0) n—oo
for every € > 0. Because of the data driven choice of tuning parameter, which
is usually done by a sample splitting procedure, the estimators in Gyorfi et al.
(2002) are generally not symmetric in the input data. However, it is easy
to see that symmetrized versions of those estimators are still UAD. Simply
note that it is no restriction to assume |1, (zg) — mp(zg)| < 2L, such that
convergence in probability and converges in L; are equivalent, and study
the L estimation error of the symmetrized estimator.

ExAaMPLE 4.2 (High-dimensional linear regression with the LASSO).
Consider a non-decreasing sequence (K, )nen of positive real numbers and
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a sequence of dimension parameters (p,)nen such that K:log(p,)/n — 0
as n — oo. For a positive finite constant M, let P,(M) denote the class of
probability distributions on RP»*!1 such that under P € P, (M), the pair
(x0,y0) has the following properties:

o ||z0]/co < M, almost surely.

¢ Conditional on o, y is distributed as N'(z(5p, 0123), for some Bp € RPn
and 0% € (0, 00).

e The parameters Bp and 0% satisfy max(||Bpll1,op) < K.

In particular, we have mp(zo) = x(Sp. Chatterjee (2013, Theorem 1) shows
. A S
that any estimator 8, "/ which minimizes

n

g = Z(yz — B'z;)? subject to |81 < Ky,
i=1

satisfies

sup PTL+1 (
PeP, (M)

2 BUn) mp(l'o)‘ > 5) — 0

for every € > 0. Clearly, here the leave-one-out estimate has the same asymp-
totic property, because K ;logp,/(n—1) — 0. Note that in this example,
consistent estimation of the parameters Sp and 0'%3 would require additional
assumptions on the distribution of the feature vector zp (so called ‘compat-
ibility conditions’, see Biihlmann and van de Geer (2011)), and therefore, it
is not immediately clear whether the standard Gaussian prediction interval
based on estimates Bn and 62 and a Gaussian quantile is asymptotically
valid in the present setting. Furthermore, the result of Chatterjee (2013)
can be extended also to the non-Gaussian case, where the standard Gaus-
sian prediction interval certainly fails.

ExaMPLE 4.3 (Ridge regression with many variables). A qualitatively
different parameter space is considered in Lopes (2015), who shows uniform
consistency of ridge regularized estimators in a linear model under a bound-
edness assumption on the regression parameter Sp and a specific decay rate
of eigenvalues of Ep|zoz()].

EXAMPLE 4.4 (Misspecified regression estimation). A classical strand of
literature on the asymptotics of Maximum-Likelihood under misspecification
has established various conditions under which the MLE is not consistent for
the true unknown parameter, but for a pseudo parameter that corresponds
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to the projection of the true data generating distribution onto the main-
tained working model. See, for example, Huber (1967), White (1980a,b) or
Fahrmeir (1990). A common pseudo target in random design regression is
the minimizer of 3 — Ep[(yo — 5'70)?].

5. Discussion and further remarks. In this section we collect sev-
eral further thoughts on the leave-one-out prediction intervals. We discuss
some properties of the proposed method that we have established above but
which we believe hold in much higher generality. We also draw some further
connections to other methods such as sample splitting, tolerance regions
and prediction regions based on non-parametric density estimation, and we
provide further intuition. Finally, we sketch possible extensions and open
problems.

5.1. Predictor efficiency and interval length. Recall that if T,, € Z™ and
P are such that

s = Fu(s;Tn) = P* (yo — 1hn(w0) < s T0),
is continuous, the optimal infeasible interval

PI(OPT) = mn(fﬁo) + ((jauqaz]

1,02

in (2.2) is the shortest interval of the form 7, (z¢) + (L(T},),U(T},)] such

that (2.3) and (2.4) are satisfied. In this infeasible scenario, the only way

in which the ‘user’ can influence the length of PIC(,?ZQT) is via the choice

of predictor r,. This choice clearly affects the conditional distribution Fn
of the prediction error yg — 7, (x0) and, thus, potentially its inter-quantile-
range o, — o, - Since we only care about minimizing the inter-quantile-range
of the conditional distribution F,, for the rest of this subsection we consider
the training data T, to be fixed and non-random. Thus, the predictor m,, :
RP — R is also non-random. Now we would like to use a predictor m,,
such that the prediction error yg — M, (o) has short inter-quantile-range.
For simplicity, assume that yo = mp(zg) + ug, where the error term ug has
mean zero and is independent of the features xy. Therefore, the prediction
error is given by

yo — Mmn(xo) = mp(xo) — Mmn(xo) + uo,

i.e., the sum of the estimation error mp(xg) — 7y, (x0) and the innovation
ug. Following Lewis and Thompson (1981), we say that a continuous uni-
variate distribution P; is more dispersed than Py if, and only if, any two
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quantiles of P are further apart than the corresponding quantiles of Fy.
Now we note that minimizing the inter-quantile-rage of the prediction error
Yo — (o) is, in general, not equivalent to minimizing the inter-quantile-
rage of mp(xg)—1my (o), because of the effect of the error term ug. However,
if the distribution of the error term wug has a log-concave density, then the

distribution of yy — mﬁ)(azo) is more dispersed than that of yy — ) (z0),

if, and only if, mp(xg) — m&l)(mo) is more dispersed than mp(xg) — ) (zo0)

(see Theorem 8 of Lewis and Thompson, 1981). Thus, under log-concave er-

ror distributions, interval length of PI&?IZQT) is directly related to prediction

accuracy of the point predictor 1, in use. These considerations naturally
carry over to the feasible analog PI&?}QOQ) defined in (2.5). In Section 3.3,
in the special case of a linear model and ordinary-least-squares prediction,
we have discussed the issue of interval length in some more detail and pro-
vided a rigorous description of the asymptotic interval length in a high-
dimensional regime. This sheds more light on the connection between the
length of PI&?}QOQ) and the estimation error mp(zg) — 7, (xo). However, the
lessons learned from the linear model appear to be valid in a much more
general situation. In particular, we see that, at least for log-concave error
distributions, the lengths of leave-one-out prediction intervals can be used

to evaluate the relative efficiency of competing predictors.

5.2. The case of a naive predictor and sample splitting. Next, we discuss
the important special case where we naively decide to work with a predictor
My, p(Th, zo) = m(zo), m : X — R, that does not depend on the training
data T}, at all.? In this case, the predictor and its leave-one-out analog
coincide and the (leave-one-out) residuals @; = y; — m(x;) for i = 1,...,n,
are actually independent and identically distributed according to the non-
random distribution F},(s) = P" (yo—m(zo) < s||Tn) = P(yo—m(zo) < s)
and E), is their empirical distribution function. Therefore, by Lemma 2.1 and
the Dvoretzky-Kiefer-Wolfowitz (DKW) inequality (Massart, 1990), if F, is

continuous, we get for every € > 0 that
2
ne
> 5) S 2€Xp <—2> .

3Note that this covers, in particular, the case where we do not even use, or do not have
available, the feature vectors xo, ..., Tn, i.e., m = 0. In this case, a prediction interval for
yo that is only based on yi1,...,y, is more commonly referred to as a tolerance interval.

[nag| — [na|

pn <’P (v0 € PIO (T, 20)) — .
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< %

where P contains all probability measures on RP*! for which F, is continu-
ous. We also point out that in the present case where the predictor does not
depend on T;,, the problem of constructing a prediction interval for gy can
actually be reduced to finding a non-parametric univariate tolerance interval
for yo—m(zo) based on the i.i.d. copies (y;—m(z;));. For this problem clas-
sical solutions are available, based on the theory of order statistics of i.i.d.
data (cf. Krishnamoorthy and Mathew, 2009, Chapter 8). Unfortunately, the
problem changes dramatically, once we try to learn the true regression func-
tion mp from the training data 7T}, and use 1, (zo) = My, (75, o) to predict
10, because then the leave-one-out residuals are no longer independent and
the conditional distribution function F of the prediction error yo — Mn(20)
given T, is random. Thus, in the general case we can not expect to ob-
tain equally powerful and elegant results as above and we can not resort
to the theory of order statistics of i.i.d. data. In particular, we note that
the bound of Theorem 2.5 is still somewhat sub-optimal in this trivial case
where the estimator does not depend on the training sample 7. In that
case, n = 0, but the derived bound still depends on the distribution of the
estimation error mp(xo) — m(zp), even though in that case the alternative
bound obtained above by the DKW inequality does no longer involve the es-
timation error. It is an open problem to establish a concentration inequality
for ||Fj, — Fp||so analogous to the DKW inequality but in the general case
of dependent leave-one-out residuals and random F,.

Integrating this tail probability also yields

sup Epr H P (w0 € PIIO(Tyz0)) — [nas] — [nas]

1,00
PeP ’ n

The discussion of the previous paragraph also applies to the case where
the predictor m was obtained as an estimator for mp, but from another in-
dependent training sample Sy = (w;k, y;f)?:l of k i.i.d. copies of (x¢,yo). This
situation can be seen as a sample splitting method, where k of the overall
n + k observations are used to compute the point predictor m = my and the
remaining n observations in 7T;, are used as a validation set to estimate the
conditional distribution of the prediction error yo — mg(zg) given Sy (and
T,), from the (conditionally on Si) i.i.d. residuals y; — mg(x;), i =1,...,n.
Such a procedure is discussed, for instance, by Lei et al. (2017) and Vovk
(2012). Note that under the assumptions of the previous paragraph, such
a method is asymptotically conditionally valid if the size n of the valida-
tion set diverges to infinity. However, this method uses only k of the n + k
available observation pairs for prediction, such that the point predictor 1y
based on Sj is not as efficient as the analogous predictor based on the full
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sample Sy U T,,. This typically results in a larger prediction interval than
necessary, because then the conditional distribution of the prediction error
yo — My (xo) is usually more dispersed than that of yg — 771 (x0). See also
the discussion in Subsections 3.4 and 5.1.

5.3. Further remarks.

REMARK 5.1 (On exact conditional validity). Suppose that the class P
contains at least the data generating distributions Fy and Pj;, where for

j€{0,1} , ) .
by = Nerl(OvUjIerl)a oj >0, og # 07,

and that we decide to predict yo by some linear predictor m,,(z¢) = x’OBAn
We shall show that for every o € (0,1/2), it is impossible to construct a
prediction interval of the form PI,(T,,zq) = :L‘{)Bn +[La(Ty), Ua(T),)] based
on a finite sample 7}, and zg, such that (2.1) is equal to zero.

Proor. If (2.1) is equal to zero, then for both j = 0,1 and Pj*-almost all
samples T,

1—a= Pjn+1(y0 S PIa(Tn,l'O)HTn)
= PN (Lo (Th) < o — 280 < Ua(T0) I T0)

Ua(T) o LalTn)

o\ 1Ball3 +1 oj\/1Ball3 + 1

Since 1 — « > 1/2, we must have L, < 0 < U,, almost surely, and it is easy
to see that the function

=

u

aavy =2 (1) =2 (2). ga: 0.0 > 0.

v
is continuous and strictly decreasing, provided that [ < 0 < u, and thus, for

such [ and u, g, is invertible. Therefore, for j = 0,1 and for Pjn—almost all
samples T}, (equivalently, for Lebesgue almost all T;, € R"(p+1)), we have

2
1
ngUa(l — ) 2

VIIBal3 +1

In other words, there exists T, € 2", such that o2 = 52(T},) = 0%, a
contradiction. O
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REMARK 5.2. Consistent estimation of the true regression function mp :
X — R from an i.i.d. sample of size n is usually not possible if the dimension
p of X is non-negligible compared to n. For example, in a Gaussian linear
model where the only unknown parameter is the p-vector 8 of regression
coefficients, it is impossible to consistently estimate the conditional mean
mp(zg) = Eplyollzo] = B'xo, unless p/n — 0 or strong assumptions are
imposed on the parameter space (cf. Dicker, 2012).

REMARK 5.3. A natural approach for constructing non-parametric pre-
diction sets is to estimate the conditional density of yy given zq (if it exists),
because, as can be easily shown, a highest density region of the conditional
density of yo given z provides the smallest (in terms of Lebesgue measure)
prediction region PR, (x¢) for yo that controls the conditional coverage prob-
ability given xg, i.e., that satisfies

(5.1) P(yo € PRy(2)||lzo =2) > 1 —a for P-almost all x.

This condition has been called object conditional validity by Vovk (2013).
However, object conditional validity is often too much to ask for. First of all,
as shown by Barber et al. (2019a) (see also Lei and Wasserman, 2014; Vovk,
2013), for continuous distributions there are no non-trivial prediction sets
based on a finite sample that satisfy (5.1). Moreover, even if we are content
with asymptotic object conditional validity, learning the relevant properties
of the conditional density of yo given xq is typically only possible if the
dimension of the feature vector x( is much smaller than the available sample
size (cf. Remark 5.2). Therefore, since our focus in the present paper is on
high-dimensional problems, we do not aim at object conditional validity.

REMARK 5.4 (On heteroskedasticity). The length of the leave-one-out
prediction interval in (2.5), as it stands, does not depend on the value of
ro. An immediate way to account for heteroskedasticity is the following.
Consider, in addition, an estimator 62(z) = S(T,,z) of the conditional
variance Var[yp|lzo = x]|. Then a prediction interval can be computed as
M (20) + (Gay » Gz |n (o), Wwhere now, ¢, is an empirical a-quantile of the
leave-one-out residuals

oyl (zi)
Uy = —F——>, t=1,...,n.
On,[i] €]

REMARK 5.5 (Computational simplifications). Computing the leave-
one-out prediction interval may be computationally costly, because the
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model has to be re-fitted n-times on each of the possible reduced sam-
ples qui], 1 = 1,...,n, in order to compute the leave-one-out residuals
Uy = y; — ml? (z;). Sometimes, it is possible to devise a shortcut for the com-
putation of these residuals. For example, in case of ordinary least squares
prediction 7y, (z) = /B, = /(X' X)T XY, if X[’i]X[i] has full rank, we have
the well known identity

.
[ yi—mﬂn
=y = @by = 17 x;(X’jX)*lxi’

such that the n-vector of leave-one-out residuals can be computed as
[diag(L, — X (X'X)"'X")] " (I, - X(X'X) "' X")Y.

Hence, the model has to be fitted only once. If such a simplification is not
possible, and the computation of all the residuals 4;, ¢ = 1,...,n, is too
costly, then one will typically restrict to using only a smaller number of
those residuals, e.g., 4;, ¢ = 1,...,1, with [ < n.
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APPENDIX A: PROOFS OF MAIN RESULTS

We repeatedly use the following argument: Suppose that A,, n > 1, are
real-valued random variables on (2, F, P) and F,, n > 1, are sub-sigma
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fields of F. If E[| A, ||| F»] is well-defined and converges to zero in probability,
then A, converges to zero in probability. Indeed

P(lAu] > €) = E[P(|Au] > el Fa) A 1] < E [(iEnAnrum) A 1] |

In this upper bound, the integrand converges to zero in probability by as-
sumption, and this integrand is bounded by 1 by construction. In view of the
dominated convergence theorem, this upper bound converges to zero. More-
over, if E[A,||F,] is well-defined and converges to ¢ € R in probability and
if, in addition, Var[4,||F,] — 0 in probability, then A,, — ¢ in probability.
Indeed,

E[(An — ¢)?||Fn] = Var[An || Fo] + (E[Ap [ Fn] - ¢)?

converges to zero in probability. From the preceding statement the claim
follows.

A.1. Proof of Theorem 2.5. The proof relies on the following result,
which is a special case of Lemma 9 (Equation (9)) in Bousquet and Elisseeff
(2002) (see also Devroye and Wagner, 1979) applied with the loss function
0f,2) = Loy —f(2), f: X =V, 2=(y,2) € Z,s€ Rand M =1,

in their notation.

LEMMA A.1 (Bousquet and Elisseeff (2002)). If the estimator m,, is
symmetric, then

Epn [(Fn(s) _ Fn(s)ﬂ
< % + 3Epn+1 Hll(_oo,s] (Yo — 1 (0)) — 1(—o0,s) (Y0 — mg} (xo))u ,

for every s € R and every probability distribution P on Z.

Under Condition (C1), it is elementary to relate the upper bound of
Lemma A.1 to the n-stability of m,. We defer the proof until the end of
this section.

LEMMA A.2. Let P be a collection of probability measures on Z2 =Y x X
that satisfies Condition (C1). Then, for every s € R and every P € P,

Epnt1 H]l(—oo,s] (%0 — Mn(20)) = 1(—oo,s) (yo — k)’ (%))H
)

< Epir [(1fu.pllolritn(o) — il o)l ) A 1]
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To turn the pointwise bound of Lemma A.1 into a uniform one, we need
a certain continuity and tightness property of Fi,.

LEMMA A.3. Let P be a collection of probability measures on Z2 =Y x X
that satisfies Condition (C1) and fix a training sample t,, € Z".

(i) If P € P and s1,82 € R, then

Fa(st3tn) = Fa(s2itn)| < |lfuplloclst — s2l.

(i) Let P € P, d € [0,1], p € R and c € (0,00), and define s = p+c +
qu.p(6) and s = p — ¢+ qu,p(9), where g, p(d) € R is an arbitrary
d-quantile of f, p. Then,

1—Fuy(5tn) < (1—98)+ P (mp(x0) — My p(tn,z0) — > c),

Fn(§§ tn) < 6+ P (mp(xo) — Mnp(tn,x0) —p < —c).
We provide the proofs of Lemma A.2 and Lemma A.3 below, after the

main argument is finished. The proof of Theorem 2.5 is now a finite sample
version of the proof of Polya’s theorem. Fix P € P, t, € Z", u € R,

5>0andc—L€ [1,00). Set 6y = Fy, p(—L) and o = F, p(L), where
F,p f fu,p(v) dv. Next, choose the (possibly non-unique) quantiles
qu7p(51) — "L and qu,p(ég) L and consider 5 and s as in Lemma A.3(ii)

with § = d2 and 0 = d1, respectively, i.e., s = u+ 2L and s = u — 2L.
We split up the interval [s,5) into K intervals [s;_1,s;), j =1,..., K, with
endpoints s =: sg < 51 < --- < sg := 8, such that s; —s;_1 < e. We may
thus take K = [(5— s)/e| = [4L/e]. If s < sp, then

Fu(s) = Fu(s) = 0- Fu(s0) > —|Fu(s0) = Fa(so)| = Fu(s0),

Fn( ) — ( ) < (50) < ’F (s0) — n(30)| +Fn(30)-
Furthermore, if s > sk, then
F,

Fp(s) = Fu(s) > Fu(sg) =1
> —|Fu(sie) = Fulsio)] = (1= Fuls)
En(s) — Fu(s) < 1—Fy(sx)

IN

|E(si) — Fu(si)| +1— Fu(sk).
Finally, for j € {1,..., K} and s € [s;_1, sj),

> —|Fu(sj-1) = Fu(sj—1)| — (Fn(sj) - Fn(sj—1)> 7

Fu(s) = Fuls) < [Fulsy) = Fuls)| + (Fuls) = Fu(s;-1))

e
~—~
(Va)
N—
|
.l
~—~
(V)
N—
V
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Thus, discretizing the supremum over R, we get

sSup |Fn(3) - Fn(s)|
seR

= sup |F(s) — Fu(s)| V sup |Fy(s) — Fu(s)|
s<80 s>tk

V. max sup  |Fn(s) — Fu(s)]
J:17""K 56[8j—178j)

< (1Ba(s0) = Balso) 4 Fus0)) v (|Bu(s5) = Fulsio)l +1 = Fu(s0))

v max (||Ba(sj-1) = Falsjo0)l V Bals;) = Fa(s)l| + Falsy) = Falsi))

Next using the abbreviation e, p(z9) = mp(zo) — My p(tn, zo) and both
parts of Lemma A.3, we can further bound this as

e (|F(s;) = Fa(sy)l)

+ellfuplloc + 61 4 (1 = b2) + P(len.p — p| > ¢)
= max_(|Fu(s;) = Fuls)))

[ARR)

+ el fu,plloc + Pjuol > L) + P(len,p — p| > L).

Now, using Lemma 2.1 of Aven (1985), the expectation (w.r.t. the training
data t,) of the maximum can be bounded by

2

K
> Epn [1Fuls)) = Fu(s)I?]
=0

Finally, applying Lemmas A.1 and A.2, the expression on the previous dis-

play is bounded by
1
1 bl
K+1)|— :

We have established the bound
Epn 1B = Fulloo] < ellfuplloo + Plluo] > L) + P (jenp — il > L)

((2e2) [em])

Write v, = ﬁ + 3n. To simplify the minimization over e, we use
V/AL/e +2 < \/AL/e + v/2 and minimize

1
4Lv, \ 2
el (M)
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2/3
It is easy to see that this is minimized at ¢* = (7@) . Plugging this

I fu,Plloo

back into the upper bound yields

Epn (1B = Fulloo] < P(Juo] > L) + Pllen,p — 4l > L)
+ 3(LI| fu,pllocrn)/? + (20a) 2.

O]

PROOF OF LEMMA A.2. The integrand on the left of the desired inequal-
ity is equal to

1 {yO*mn(fEO)§3<y0*mg] (:Jco)} + ]l{yrmw (x0)§5<y0*mn(10)} '

Note that the two sets above are disjoint. Thus, using the abbreviations

en,p = mp(xg) — 1 (zo) and eE}P = mp(xg) — k) (o) together with the

independence of xy and wug, the conditional expectation of the sum in the
previous display, given the training data and xg, can be bounded as
1 1
P (epp <s—up < eL}PHTn,xO) + P”H(eL,]P <s—up < en,p||Th, xo)
s—(eh p(@0))A(en,p (0))

- / Fup () do A1 < (L fuplloobitn (o) — il o)) A 1.

O]

ProoF OoF LEMMA A.3. For P € P, t, € Z™ and s1 > so, abbreviate
en(P) = mp(zo) — my(zo) and note

Fo(s1) = Fu(s2) = P (s2 < yo — 1in(20) < s1)
= P (59— en(P) < ug < 51 — en(P))
s1—en(P)

=Ep fup()dv| < |fuplo(s1 —s2),
sa—en(P)

in view of independence between zy and g imposed by Condition (C1). So
the first claim follows upon reversing the roles of s; and so. For the second



38 Steinberger, Leeb / Conditional predictive inference for stable algorithms

claim, take s and s as in the lemma to obtain

Fo(35) = P(up <5—en(P))

P
P(UO SM+C+QU,P(6)_en(P)yenUD)_,UJSC)
P
P

(AVANAYS

uo < qu,p(9), en(P) —p < c)
uo < qu,p(0)) - P (en(P) — pn < )
) — i (20) — 1 > c)).

Il
<,
=
|
e/
3
=R
8
S

Fuls) = Plug <5 en(P))
< Plup <5 en(P)en(P) — 1> —c) + Plea(P) — i < —0)
< P(up < up(0),en(P) — > —0) + Plen(P) — < —0
< 0+ Plen(P) —p < —c)

This finishes the proof. O

A.2. Proof of Theorem 3.1. We begin by showing that under the
assumptions of Theorem 3.1, both of its conclusions hold with ¢, = 0 (OLS)
and irrespective of k € [0,1). The proof of the following result is deferred to
the end of the subsection.

LEMMA A.4. For everyn € N, let P, = Pn(Ly, Ly, Co) be as in Condi-
tion (C2). For P € Py, define Bp to be the minimizer of 3 +— Ep|(yo—B'70)?]
over RP. If pp,/n — k € [0,1) and

(mP(fco)—%ﬁP)z] < oo,

(A.1) limsup sup Ep

n—oo PeP, op

then the ordinary least squares estimator B, = (X'X)IX'Y satisfies

. 2
limsup sup P" (HE}P(ﬁn - Bp)/UpH2 > M> — 0,

n—oo PeP, M—00

and for every € > 0,

sup P" (HE}D/Z(Bn - ﬁALl])/UPHz > 5) — 0.

PeP, N0

We proceed with the proof of Theorem 3.1. In order to achieve uniformity
over P, we consider an arbitrary sequence P, € P, and abbreviate m,, =
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mp,, Bn = Bp,, ¥n = Xp, and 0, = op, and we write E,, = Epn, Var, =
Varpn, etc. We have to show that limsup,, , P,?(HE,I/Q(BH(CH)—ﬁn)/UnH%

M) — 0 as M — oo, and, provided that x > 0, that P™(||Sx(Bn(cn)
[1](

\

cn))/onll3 >¢€) = 0, as n — oo, for every & > 0.
Define 62 = 3! %, 8n/02, 12 = 3. X' X 3, /(nc?) and

n’ 'n
)
(1 %%Zg) , ift2>0
Sn — n n + 2
1, ift; =0

such that 0 < s, < 1, and Bn(cn) = 5,3, because t2 = 0if, and only if, B, =
0. We abbreviate D := limsup,,_,.. suppep, Ep[(mp(zo) — Bpz0)?]/0%. The
following properties are useful and will be verified after the main argument
is finished.

LEMMA A.5.  Under the assumptions of Theorem 3.1 we have: 62 /a2 and
02/62 are P,-uniformly bounded in probability, P™(62 = 0) = 0 (provided
that n > pp + 2) and P*(t2 = 0) — 0. Furthermore, we have PP(t2 >
k/2) = 1 if 6, — 0 € [0,00). All the statements of the lemma continue to

hold also for the leave-one-out analogs tim — ALHIX[/”X[HB"[—LH/(”O‘?L) and
62 1 = Vi = XwBh'13/(n =1 = pn) of 2 and &2

The quantity of interest in the first claim of the theorem can be bounded
as

HE711/2 <Bn(cn) - 571) /on ) = Hz}z/zsn (Bn - 571) Jon + E}L/Q(Sn —1)Bn/0on )
(A.2) < |[=V2 (Ba = Ba) fou |, +

(1 — 5,)0p.

Therefore, by Lemma A.4, it remains to show that lim sup,,_,., Qn(M) — 0
as M — oo, where Qn(M) = P}((1 — sp)d0n, > M). For fixed M € (1,00)
and fixed n € N, we distinguish the cases J,, < MY? and 6, > M2 In
the former case, @, (M) = 0. In the latter case, we proceed as follows. First,
notice that

n n pncn n
Qn(M):Pn((1—sn)6n>M,ti>0)§Pn< 2o 6>Mt2>0>

~2
(A3) =Pn <7:;‘ t20/”5 Tn > M2 > 0>
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Furthermore, we trivially have Y = X, + 0,0, where v := (Y — Xf3,)/on
has components ¥; = (mp(x;) — B,xi)/0n + (Yi — mn(xi))/on, and, using the
reverse triangle inequality and the notation ||a| py = v/a’Pxa, we have

1Y'PyY N _
by = | = = | X B + 00|y (n02) /2
n o;

> [ XBullpy = londllpg | (nop) =12

| [BEAX X s ?B, [0'PxE
o n |’

where X := (1,...,4,) = X3, % and Py = X(X'X)TX'. Therefore, on
the event

An(M) = {[|5/v/n]l3 < MY Auin (X' X /n) > (1 = V/R)?/2 > M2},
we have o' Pxd(nd2)~' < M~Y? (because §,, > v/ M) and
B2 P (XX )22 Ba(0nsn) ™ > (1= VR)? /2> M2,

so that on this event t,/8, > co(1 — v/&)/v/2 — M~'/* > 0. Thus, turning
back to (A.3) and using Markov’s inequality, we obtain

~2 ~2
pr <p" n n o M2 > 0) <pr <"g > M2 /62,42 > o)
g

n t2/62 o2 2 e

n &?L n C
< Py (02 > MR, An<M>) TP (AL (M))

n (02 _1\2\ | 2D+1
§Pn (U%>M(CO(1—\/E)/\/§—M 1/4)>+W

+ P (Amin(X'X /n) < (1= ViR)2/2) + Pr(cd(1 = V)22 < M),

for sufficiently large n. In view of Lemma B.1(i) in Appendix B and P,-
boundedness of 62 /02 (Lemma A.5), the limit superior of the upper bound
is equal to a function Q(M) > 0 that vanishes as M — oo. Therefore, we
have shown that limsup,, ,. Qn(M) < Q(M) — 0 as M — oc.

To establish the claim about the stability of Bn(cn) we proceed in a similar
way. First, note that

123/2(Balen) = B en))llz/on = I (sn — i) 3/ Ba + s)120/2 (B — B2/
< lsn = sBNEYBa/oullz + 1sHI15/2(Ba — B1) /oull2
< lsn = s 1252 (B — Ba) /onll2 + Isn — si 160 + [R5/ (B — BY) full2,
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(1]

where sy, is defined like sy, but using ¢,, ;) and {72 ok In view of Lemma A .4,

it is easy to see that it remains to show that |s, — sg]\(l +0,) =op,(1). We

argue along subsequences. Let n’ be an arbitrary subsequence of n. Then by
compactness of the extended real line, there exists a further subsequence n”
of n/, such that 0,7 — 6 € [0, 00]. If we can show that for every ¢ > 0

P (s — 800 (1 4 8,0) > £) —— 0,

n''—o0o

then the claim follows. For simplicity, we write n instead of n” and we
distinguish the cases § = oo and ¢ € [0, c0).

If § = oo, then it suffices to show that (s, — s%”)&t converges to zero in
P-probability. By Lemma A.5 we have P?(t2 = 0) — 0 and the same holds
for ti [ such that it suffices to show that

P (|sn — s8> €,y > 0,4, 1) > 0) = 0.

s

o

If t, > 0, set r, = 2% 25,

provided that ¢, ;) > 0. Thus, if both ¢, and ¢, ]

such that s, = (1 — r,)+ on this event, and

t
~2
1 g
define ril = pn_cn Tnl
nt o
n,[1] T

are positive, we have

62 62 52 62[1] 1
sn — sl|6, < | — P8, < |22 — S )
nooTn nootn t2 o2 t?hm o2 | 6n

But in the first part of the proof we have already established that ¢2 /62 is
lower bounded by c2(1 — y/k)?/4 with asymptotic probability one, provided
that 62 — oo (recall the case &, > M'/2 and the set A, (M), and let M =
62 — 00), and an analogous argument applies to ti,m /62, Thus, it follows

from the P,-boundedness of 62/02 and 62 [1}/ o2 that the upper bound in
the previous display converges to zero in P}'-probability.

If § € [0,00), it suffices to show that |s, — 57[11]| converges to zero in P-
probability. As before, we restrict to the event {t, > 0,t, ;) > 0}. Note

that due to the positive part mapping in the definition of s,, the absolute
(1]

difference |s,, — sht ]\ vanishes if both r, and 7" are greater than or equal to

1, and is otherwise bounded by |r,, — ’FE]’ < max(|rn/rlll] -1, |7"Ll}/rn —11),

provided that r,, and n[ll I are positive. Thus, it remains to verify that 7“7[3 ] /Tn,
converges to 1 in P}'-probability and that both P'(r, = 0) and P} (rLl = )

converge to zero. The latter statement follows from Lemma A.5, in fact it



42 Steinberger, Leeb / Conditional predictive inference for stable algorithms

shows that P (r, = 0) = 0 = P,?(m[ll] = 0) provided that n > p, + 2.
Finally, to show that r,[ll ] /rn, — 1 in P-probability, define Spy = X [’1} X (1] =
> o i@, and note that by the Sherman-Morrison formula (see also the
proof of Lemma A.4 below) we have

BAXCXBn::BEVXﬁPXMBE]+(xh@”V—%2dBENy1—a£BEU
1+ 5’315[1] T
< BE]'XqumBE] +ui,

+ (g1 — 24 B)?
at least on the event B, := {Amin(Sp;) > 0}, which has asymptotic P}-
probability one by Lemma B.1. Thus, on By, t2/t2 ) = 1+ gn, where

yi
(A.4) gn| < —7 -
31 ]
Xy Xhn

By Lemma A.5, and since x > 0, BE X[’ 1 1]57[1]/@0 ) = t? 1] is bounded
away from zero with asymptotic probability one. Thus, for the desired con-
vergence of t2 /tn,[l} to 1, it remains to show that the numerator in (A.4)
divided by no? converges to zero in P”-probability. But this now follows
from Condition (C2), assumption (3.5) and the fact that § < co. The proof
is finished if we can also show that 62/ 672%[1] converges to 1, in P'-probability.
To this end, we apply the Sherman-Morrison formula once more to get

1 Sy Xl[]
. . 1+azlS[1] 1+3615[ ] z1
In—Px=1I,—-Pg= XSy, @ soix |
S @ I —P- + XSy [
RN S[ ]1~ > e X 1+mls[1] 71

on the event B,,. Thus, on this event,

&721(” —pu) =Y'(I — Px)Y = Y[ll] (In—1 — PX[l])Y[l]

1
L (= 2By
14+ 9515[1] iy
such that —2n _n=Pn_ _. 1 +h here
N ny W

<m—%%¥ ke
(n—1—pn)o2 n[l]

|hn| <
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But it is easy to see that the upper bound converges to zero in P)}-probability
by Condition (C2), assumption (3.5), Lemmas A.4 and A.5, and because
n—p, — oo and § < oo. O

m(z;)—2;fn
on ’

PrROOF OF LEMMA A.5. We use the notation e; :=

yi—m(zi) o . _ _ / _ /
yimm@) 5= ¢ 4y, where e = (e1,...,en) and v = (v1,...,v,), such

On
that Y = X8, + 0,0 = X B, + ope + opv. For the first claim simply observe
that

i::

62 Y'(I,— Px)Y n_ (I~ Px)o _ _n 2

op  (n—pn)oy  n—pn n T n—pn

7

and that E,||9]|3 = nE,[0?] < n(2D + 1), for sufficiently large n. For bound-
edness of the reciprocal we first note that P*(62 = 0) = E,[P™(Y'(I,, —
Px)Y = 0|X)] = P}(I, — Px = 0) = 0, because the conditional dis-
tribution of Y given X under P} is absolutely continuous with respect
to Lebesgue measure and n > p, + 2. Similarly, P*(t, = 0) = P(3, =
0) = E,[P2((X'X)IX'Y = 0]X)] = Pp(X(X'X) = 0) = PI(X = 0) =
(L,({0}))™n — 0. Next we show that 62 /02 is bounded from below by
(1 — k)/2 with asymptotic probability one. To this end, note that

)
2

2

9

2

& Y'In—PX)Y _ o ¢ Un — Px)v N H (In — Px)v
Vvn
where the conditional expectation of the mixed term given X is equal to zero
and its conditional variance converges to zero in P)'-probability because of
E,[e?] < 2D, for sufficiently large n. The conditional expectation of the last
term in the previous display is trace(l, — Px)/n = trace(I, — Pg)/n =
1 — pn/n, with asymptotic probability one in view of Lemma B.1(i). Using
independence of the v; and a little algebra, its conditional variance can be

o2 (n—pp)o? n

computed as

, —
Var, [v (I, — Px)v

n

‘X} _ 2trace((I,, — Px)?) n (En[vi] - 3) Zn:(ln — Px)3

n? n?

i=1
n  (Co+3)n

(A.5) <2— +

— 0.
n? n2

This establishes the boundedness of o2/62. For the remaining statement
about ¢2, suppose that §2 — § € [0,00) and note that

v'Pyy || X=Y?%8, P Pl
2 xY _ n Pn X € XV

"= NN

5 .
nao.
n 2
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Abbreviate W,, = \/Z%f” + Iffne and observe t2 > 2W!Pxv/\/n +
|Pxv/y/n|3. The conditional expectation of the mixed term W) Pxv/\/n
given X is equal to zero, and its conditional variance is bounded by
W, /v/7||3. But ||[W,]|3 is bounded in P?-probability, in view of the facts
that & < oo, E,[X'X/n] = I, and E,[e?] < 2D, for sufficiently large n.
Thus, the mixed term is opn(1). For ||Pxv/y/n|j3 one easily verifies that
its conditional expectation given X is trace(Px)/n = trace(Pg)/n, which
converges to k£ € [0,1) in P"-probability, because P™(Apin(X'X) = 0) — 0
by Lemma B.1. Furthermore, as above, its conditional variance can easily
be computed as

n

v'Pxv 2trace(P%)  (E,[vi] —3) 9
Vatn [ n HX] - n? * n? ;(PX)

2
< oy (Co +23)pn o
n n
Thus, ||Pxv//n||3 converges to k, in PP-probability, which establishes the
asymptotic lower bound on t2. The results about the leave-one-out quantities

can be established analogously. O

PrOOF OF LEMMA A.4. Fixn e N and P € Py, For simplicity, we write
m = mp, ¥ = Xp, f = Bp and ¢ = UP and abbreviate X := XX ~1/2,

For & > 0, consider the event A, := A,(§) = {)\mm(X X/n) > &}
On this event, we observe that $/2(3, — 8)/0 = (X'X)"'X's, where
v = (vl,...,vn)’, v; = (m(z;) — B'zi) /o + v; and v; = (y; — m(z;))/o,

for i = 1,...,n. Thus, on A,, ||ZY2(3, — 8)/0|l3 :p’g?(f(’)?)—?f(’@ =
VXX X)V2(XR) (X)X < [jo/ /a3l X /m) . Hence,
using Condition (C2), we obtain
P (|Y2(B, = B) /013 > M)
< P*([[o/Val3I1(X'X /n) " 2 > M, A(€)) + P"(A(6)°)
< P*([[o/v/nl3/€ > M) + P"(An(€)°)
Ep[

S e
Since Ep[07] = Ep[(m(xo) — B'w0)?/0°] + 1, in view of (C2), and because
P"(Amin(X'X /n) < €) does not depend on the parameters 3, ¥ and o2,
Lemma B.1(ii) implies the first claim if we set & = c2(1 — /x)?/2 > 0.

1 + P Amin (X' X /n) < £).

For the stability property, we abbreviate Sj;; = X[/l}X[l}’ Bn = El/z(ﬁn -
3)/o and By, S 21/2(6[1 B)/o, and consider the event B, = {Amin(Sp]) >
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0}. On this event, also )\min(f(’f() = Amin(Sp) + 12)) > 0, where X =
[Z1,...,%,]) and X[l] = [Z2,...,%), and the Sherman-Morrison formula
yields

By = (X,X)_IX,V = (S[l]ﬂ-.%lfﬂ/l)_l(j([/l]f}m—}-551771)

_ (s—l _ S BT Sy

S S[I]lj1> (X[yop) + Z101)

- 50
Smlwlx’l L] :BlSm

= ~[1} + S[ ] ZL’1’U1 S[il.fl’f)l

1 +x15[ 1]

S[I] .f‘l (1)1 — xlﬁN,[ll})
L+ &Syl

1+ 3”15[1] 1

=B+ :
and thus, Hzl/?(ﬁn B /ol3 = (1+ 318 30) 23 St (0 — 3502
2(03 + (2] B ) ):1;15 DEZE Clearly, the squared error term 7 is P,-uniformly
bounded in probability because Ep[v3] = Ep[(m(zo) — f'70)?/0?] + 1, as
above; E[(i:’lﬂjml ])2H BN,L”] = || BL”H% is also Pp-uniformly bounded in proba-
bility, by the same argument as in the first paragraph, which implies that

~r 3[1]

(#16n")? is Pp-uniformly bounded in probability; and ]E[i’lSErlz]i1|]S[1]] =

trace S[Tl] — 0, Pp-uniformly in probability, by Lemma B.1. Therefore, we
have P*(|SY2(3, — B /o|2 > €, B,) < P™(20p, (1)op, (1) > &, B,) — 0.
Moreover, P"(Bg) = P" ! (Anin(Spy) = 0) — 0, uniformly over P, in view
of Lemma B.1. O

A.3. Proof of Theorem 3.4. We begin by stating a few more results
on the OLS estimator that hold in the linear model (C3). The proof is
deferred to the end of the subsection.

LEMMA A.6. Under the assumptions of Theorem 3./, the OLS estimator
Bn = (X'X)IX'Y, satisfies

sup P" (H’E}D/Q(Bn — Bp)/apH2 — T‘ > 5) —0, and

PePy oo
sup P" (HZ}3/2(BH—,BP)/O'PH >6> — 0,
PeP, 4 n—reo

for everye > 0. Here, 7 = 7(L;, k) € [0,00) depends only on L; and k € [0, 1)
and has the following properties: For any L; as in (C3), 7(L;, k) = 0 if, and
only if, k = 0. If L;({—1,1}) = 1, then 7(Ly, k) = /Kk/(1 — K).
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The next result will be instrumental to establish convergence of the con-
ditional law P(yo — x6/5’n < t||Ty) to the distribution of INT+wv, for [, N, 7,v
as in the statement of the theorem. Its proof is also deferred until after the
main argument is finished.

LEMMA A.7. Fiz arbitrary positive constants T € [0,00), ¢ € (0,2] and
¢ € (0,00) and let (pn)nen be a sequence of positive integers. On some
probability space (2, A,P), let vy and ly be real random variables and let
Wo = (woj)‘]?‘;l be a sequence of i.i.d. real random wvariables such that Wy,
vo and ly are jointly independent, |lo| > ¢, E[I3] = 1, Elwe1] = 0, E[w3,] = 1
and El|wo1|>T] < co. Forn € N and b € RP», define w,, = (wo1, - - - , Wop, )’
G(t,b) = P(low!,b+vo < t) and F(t) = P(oNT+vo < t), where N = N(0,1)
is independent of (ly,vo). Consider positive sequences g1,g92 : N — (0,1),
such that g;j(n) = 0, as n — oo, j = 1,2. Suppose that one of the following
cases applies.

(i) 7 =0 and t — P(vy < t) is continuous. In this case, set
Bn = {be R : [|b]l2 < g1(n)}-
(i) T >0 and p, — o0 as n — oo. In this case, set
By ={be R :|[|bl2 = 7| < g1(n),b # 0, [|bll216/[1bll2 < g2(n)}-
(iii) T > 0 and wo £ N(0,1). In this case, set
Bn = {be R [[|b]l2 — 7] < g1(n)}-
Then, using the convention that sup & = 0,

(A.6) sup sup |G(t,b) — F(t)] —— 0.
bEB, teR n—00

We now turn to the proof of Theorem 3.4. In order to achieve uniformity
in P, € P,If", we consider sequences of parameters 3, € RP* o2 € (0, c0) and
Y, € Sp, (where S), is the set of all symmetric, positive definite p, x py
matrices). All the operators E, Var and Cov are to be understood with
respect to P

We have to show that, for arbitrary but fixed a € [0, 1], §o/0n converges
in P-probability to ¢, the o quantile of the distribution of IN7 4 v, the
cdf of which we denote by F. In either case of Theorem 3.4, it is easy to
see that the quantile g, is unique. Note further that for a € (0,1], o =
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El(a) = inf{t € R : F,,(t) > a}. We treat the case a € {0,1} separately
at the end of the proof, because g1 = —qyp = oo. To deal with the empirical
quantiles we use a standard argument. For o € (0,1) and £ > 0, consider

P (|da/on — qal > €) = Py (Ga/on > qa +€) + Py (Ga/on < ga — €).

To bound the first probability on the right, abbreviate J; := L4, /5, >qa+e}
and note that by definition of the OLS predictor, the leave-one-out residuals
U = y; —x;(X[’i]X[i})TX[’i]Y[Z-], t=1,...,n, and thus also the J;, i = 1,...,n,
are exchangeable under P}. A basic property of the quantile function hal
(cf. van der Vaart, 2007, Lemma 21.1) yields

Pida/on > 4u+2) = Py (o > Fulou(aa +2)))

—pr (1 — Fy(on(ga +€) >1— a)

=p" (1 i(Ji ~E[L]) >1—a— E[Jl])

n <
=1

NE

= P;Z’ (:L (Ji — E[JZ]) > Fn(qa + E) — a) ,
=1

where F),(t) := PJ'(t1 /0, < t) is the marginal cdf of the scaled leave-one-out
residuals. If we can show that

(A.7) F,(t) = F(t), VteR,

as n — 0o, then Fy,(go +¢) = F(ga+¢) > a, because ¢, is unique, and thus
the probability in the second to last display can be bounded, at least for n
sufficiently large, using Markov’s inequality, by

1< ’
- Z(Ji —E[J])

i=1

(Fo(ga +¢) —a)°E

= (Fy(ga +) —a)™2 <:L Var[Ji] + ”(7";;1) Cov(J1, J2)> ,

where the equality holds in view of the exchangeability of the J;. An analo-
gous argument yields a similar upper bound for the probability P} ({o/on <
Go — €) but with (F,(qa + €) — a)~2 replaced by (o — F, (g — €))%, and
J; replaced by K; = 1(4,/5,<ga—c}- The proof will thus be finished if we
can establish (A.7) and show that Cov(Jy, J2) and Cov (K7, K2) converge to
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zero as n — 0o. We only consider Cov(Jy, Jo) = Cov(l — Jy,1 — Jo), as the
argument for Cov(K7, K3) is analogous. Write § = ¢, + ¢ and

Cov(1—J1,1—Js) = P(ti1/0n < 8, in/0n < 8)—P™(ity /oy < 8)PM(ita /0y < 0).

Now,

<ﬁ1/0n> _ <ﬂ1[2[/0n> + (é1>

iz /o, tap1) /o €2)’
where iy = yi — i’ B = (X[ X)X Vg, and & = (d
i)/ on = 2 (B = B)) fern, for {3, 5} = {1,2}. Therefore, E[é;[|Y];, Xpy] =
0, because E[z;] = 0, and E[é2|[Yy, Xn] = [SY2(B8 — BE7) /0,12, which

converges to zero in P-probability, by Lemma A.4 (for a sample of size
n — 1 instead of n), which applies here because (C2) is satisfied under (C3).
Hence, é; and é; converge to zero in probability. The joint distribution func-
tion of ﬁ1[2}/0n and () /oy can be written as

(A.3)
P () /on < s, tgp)/on < t)

=E [P (218 — Bi%) o + 01 < 5,258 = Bl /00 +v2 < 1] Yiuz), X ) |

= E |Gu (5,228, = BE)/0u) G (1,528, = B /01,

where, for t € R and b € RP", G, is defined as G, (t,b) = Pn(b’E*I/%o—i—vo <
t). Note that G,, depends only on L;, L, £, and on n, through p,. If we
abbreviate ,57[112} = 228, - Ar,[,,IZ])/Un and BE] = 2123, — 37[11})/0”, we

arrive at
Cov(1 = 1,1~ 1) = |Go (5.57)°| < [ (5.5)] + ot1),

provided the bivariate distribution function in (A.8) converges pointwise
to a continuous limit. We finish the proof by showing that for all t € R,
the bounded random variables Gy, (t, 57[112}) and Gy (t, BT[LH) both converge to
F(t), in Pl-probability, and hence, (A.8) converges to F'(s)F(t), which is
continuous. Note that this also implies (A.7), because F,(t) = E[G,(t, 57[11})]

To this end, we note that for an arbitrary measureable set B,, C RP» and
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for any € > 0,

Py (sup Gult, BY) = (1)) > ) <pr (sup Gu(t, BY) = F(8)] > &, A1 € Bn)

teR teR
AN
<an(e) + P (BB] ¢ Bn) )

where ay,(g) = 1 if supyep, supyeg |Gn(t,b) — F(t)| > €, and a,(e) = 0, else.
Now, we first consider the case k = 0. Thus, Lemma A.6, which also applies
to B,[l”, yields || BL”HQ — 7 = 0, as n — 00, in Pl-probability. Therefore,
the probability in the last line of the previous display converges to zero if
we take B, = {b € R : ||b|]l2 < ¢g1(n)} and g1(n) — 0 sufficiently slowly,
as n — oo. Hence, Lemma A.7(i) applies and shows that also a,(g) — 0
as n — oo, for every € > 0. If x > 0, Lemma A.6 yields ”BT[LI]HQ —7>0
and || 67[11]”4 — 0, in PJ-probability, as n — oo. Thus, the probability in
the last line of the previous display converges to zero if we take B, = {b €
RP» b # 0, [[[bll2 = 7 < g1(n), [[blla/[b]]2 < g2(n)} and sequences g1 and
g2 that converge to zero sufficiently slowly. Now Lemma A.7(ii) shows that
also a,(e) — 0 as n — oo, for every £ > 0. The same argument applies to
112] instead of BT[LH, which finishes the proof in the case a € (0, 1).

Next, we treat the case a = 0. In either case of the theorem, we have
lim,_,0 ¢y = qo = —o0. By definition, ¢y < ¢, for any v € (0,1). Thus, for
any M > 0, there exists a v € (0,1), such that ¢, < —2M and P} (jo/op, <
—-M) > P(Gy/op, < —M) — 1, as n — oo, in view of the first part.
In other words, §o/op, converges to —oo = qp in P'-probability. A similar
argument can be used to treat the case a = 1. O

PROOF OF LEMMA A.6. On the event {Amin(X’'X) > 0}, which has
asymptotic probability one in view of Lemma B.1(ii), notice the identity

SY2(B, — Bp)jop = (X'X)T X0,

where v = (v1,...,v,) = (Y — XBp)/op. Thus, the distribution under
P € P, of the quantity of interest does not depend on the parameters Sp,
0123 and X p. Hence, without loss of generality, we assume for the rest of this
proof that Bp = 0, 0% = 1 and Xp = I,,. First, we have to show that
Bnll2 = T € [0,00), in probability, for a T = 7(£;, x) with the properties
mentioned in the lemma. To this end, consider the conditional mean

E [113al13] X | = trace(X'X)T X' X (X'X)F = trace(x'X)f £ 72,
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by Lemma B.1(iv) and for 7 as desired (cf. Remark B.2). From the same
lemma we get convergence of the conditional variance

Var [, 3] x] = Var [ox (X" X)X

‘X} =: Var[v'Kv|| X]

n
= 2trace K2 + (E[v]] — 3)2:[(2

< 2trace K% + (E[v}] + 3) Z E[vi] + 5) trace K>
t,j=1

= (E[vi] + 5) trace X (X' X)2 X' X (X' X)X’

= (E[v}] + 5) trace(X'X)1? 225 0.

For the second claim it suffices to show that [|3,]|4 — 0, in probability.
Notice that for M = (m1,...,my,) = (X'X)TX’, we have

N p’VL p’n
1Bnlld = I[Mo]lF = (mfjv)* =) Z iy iy iy iy Uiy Vig Vi Vi -
Jj=1 J=111,i2,i3,i4=1

After taking conditional expectation given X, only terms with paired indices
remain and we get

Pn

E [”Bn”iHX} =Y Ept Zmﬂ —I—SZm m2,
j=1 i#k
Pn n n
< 2| Bli] D mimiy+3 3 mimi,
j=1 ik=1 ik=1
Pn Pn
= (E[v{] + 3) Z(m;m])Q < (E[v{] 4 3) trace Z mimim;m
=1 ij=1

= (E[Uﬂ +3) tlrace(M'M)2 = (E[vl] + 3) trace(X’ X) f2 225,

by Lemma B.1(iii). O

PROOF OF LEMMA A.7. First, in the case (i), for every n € N, take b, €
= {b € R : |jb]l2 < g1(n )} and simply note that lpbj,w, — 0, in
probability, and thus G(t,b,) — F(t) weakly. Since the limit is continuous,
Polya’s theorem yields uniform convergence in ¢ € R. Since the sequence
b, € B,, was arbitrary, we also get uniform convergence over B,,.
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Next, we consider the Gaussian case (iii), so B, = {b € R : |||b||2 — 7] <
gi(n)}. For every n € N, let b, € B, be arbitrary, and note that ¢ —

G(t, by) is the distribution function of lyb],wy,+vg, where wy, £ N(0,1,,), and

lo, wy, vo are independent. Clearly, lob],wy, +vo £ loN||bn|l24+vo = loNT+wvp,
weakly, and this limit has continuous distribution function F. Hence, by
Polya’s theorem, sup, |P(lob},wy, +vo < t) — F(t)| — 0, as n — co. And since
the sequence b, € B, was arbitrary, the result follows.

In the general case (ii) first note that B,, may be empty. By our convention
that sup @ = 0 it suffices to restrict to the subsequence n’ for which B, # @.
If this is only a finite sequence, then the result is trivial. For convenience, we
write n = n’. So let b, € B, and define the triangular array z,; := byjwo;,
j=1,...,py, which satisfies E[z,;] = 0 and s2 := ?:1 E[zgj} = ||bu]3 # 0.
The Lyapounov condition is verified by

Epn: —(2+9) 244 ors (ball2s )T
Sn ]EHan| ] = E |:‘w01| :| W
j=1 n

< B |fwon ] lga(m)** —— 0.

n—oo

Therefore, by Lyapounov’s CLT (Billingsley, 1995, Theorem 27.3), we have

Pn
b;lwn/anH2 = Zznj/sn # N(O7 1)‘
i=1

Since b, € By, we must have ||by|l2 — 7 as n — oo, and thus, bjw, =
60 ll2b,wn/||bnlle — N7, where N £ N(0,1), as n — oo, and, by indepen-
dence, lobl,wy, +vg 2y loNT + vg. Since the distribution function of this limit
is continuous, Polya’s theorem yields sup, |G(t,by,) — F(t)] — 0, as n — oc.
Now the proof is finished because this convergence holds for arbitrary se-
quences b, € B,. O

APPENDIX B: AUXILIARY RESULTS

LEMMA B.1.  On a common probability space (2, F,P), consider an i.i.d.
sequence Lo = {l; :i=1,2,...} of random variables satisfying |l1| > ¢ > 0,
and a double infinite array Wo = {w;j : 1,5 = 1,2,...} of i.i.d. random
variables with mean zero, unit variance and E[w};] < oo, such that Ly and
Wy are independent. For a sequence of positive integers (pp) with p, < n,
consider the n X p, random matrizc X = AW, where A = diag(ly,...,1,) is
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diagonal and W = {w;; i =1,...,n;j = 1,...,pn}. Let (X' X)t denote
the Moore-Penrose pseudo inverse of X'X. If p,/n — k € [0,1) then the
following holds:

(i) liminf,, )\mm(X X/n) > (1 — \/k)?, almost surely.
(i) 1imy, o0 P(Amin( X' X/n) < 5) =0 for all e < (1 — /k)%.
(iii) If m > 1, then trace (X'X)t™ = 0, almost surely, as n — oc.
() trace (X' X)T — 72 almost surely, as n — oo, for some constant T €
[0, 00) that depends only on k and on the distribution of 12 and satisfies
7 =0 if, and only if, Kk = 0.

PROOF. Let ~)\{L) <. < )‘1(0:) and ugn) - < M; ") denote the ordered
eigenvalues of X' X /n and W'W/n, respectively Then,

lltl=1 lltl=1

yeees Tl

)\gn) = inf ‘YWA*°Wt/n > ( min l2) inf YW'Wt/n>c u( m)

and from the Bai-Yin Theorem (Bai and Yin, 1993) it follows that ugn) —
(1 — /k)? > 0, almost surely, as p,/n — & € [0,1) (cf. Huber and Leeb,
2013, for the case x = 0). This finishes the proof of part (i). Part (ii) is now

a textbook argument: Simply note that for & < n, we have P()\gn) <eg) <
P(inf,>, A" < &) and that inf,>, A\ < inf,>1 A" for all k € N. Thus

lim supIP’(/\gn) < ¢) = inf sup IP()\( ) < £)

n—00 keEN p>k

< inf P (mf )\( " < > = hm P (mf )\ )
keN r>k k—o0
—]P’(VkGN 1nf)\()<5>—IP)(hm1nf)\()§ ) 0.
Next, abbreviate \; = A§n), Wi = ,ug.n), for m > 1 set oy, 1= 2™(1—/k)*™
and, for @ > 0, define the functions hy and hy by ho(y) = 1/]y| if y # 0 and
ho(0) = 0, and by ha(y) = 1/[yl, if ly| > /2 and ha(y) = 2/, if |y| < a/2.

With this notation, and from the previous considerations, we see that the
difference between

o - . 1
trace (X'X)™ = n~™ trace (X' X /n)™ = Pn 2 Z ho(AY),

and
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converges to zero, almost surely, because A7" > A" > cAmym —
am > /2 > 0, almost surely. But we have n™™ fgl hoém()\;”) <

(pn/n™)(2/am) — 0, if m > 1, or if m = 1 and x = 0. This finishes
(iii) and the case k = 0 of part (iv).

For the remainder of part (iv), let m = 1 and k > 0, and first note that
the empirical spectral distribution function F/}Q of A? is simply given by the
empirical distribution function of l%, ...,12, and this converges weakly (even
uniformly) to the distribution function of [, almost surely. Hence, from

Theorem 4.3 in Bai and Silverstein (2010), it follows that, almost surely,
'X/n

the empirical spectral distribution function F,f( of X'X /m converges
vaguely, as p,/n — k € (0,1), to a non-random distribution function F
that depends only on x and on the distribution of /3. From the argument in
the previous paragraph we know that Ay > c?u; — (1 — k)2 = o > 0,
almost surely, and thus the support of F' must be lower bounded by «;.
Since hq, is continuous and vanishes at infinity, by vague convergence, we
have (cf. Billingsley, 1995, relation (28.2))

[e.o]

1 on /Y n
=3 b () = / By () AF XX/ (y)
Pn = J
ws. [ 71
LEN / B (4)dF () = / LAF(y) =7 € (0.1/ay).
Thus
1 Pn
@—th()\j) L kg = 2> 0.
n pn =
7j=1

O

REMARK B.2. If the I; in Lemma B.1 satisfy |l;| = 1, almost surely,
then 7 in part (iv) is given by 7(k) = /k/(1 — k) (cf. Huber and Leeb,
2013, Lemma B.2).

LEmMmA B.3. Suppose that for every m € N, the class P, =
Py(llm)(ﬁl,ﬁw,ﬁv) is as in Condition (C3) and L; has a finite fourth mo-
ment. Furthermore, let p,/n — k > 0 and n > p, for all n € N. Then, for
every ¢ € [0,1], every n € (0,00] and every € € (0,1), the James-Stein-type
estimator B, (c) satisfies

sup P" (HE}J/Q (Bn(c) — ,8]3) /UPH2+77 > gc\/ﬁ/2) — 1.

PeP, n—00
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Proor. Consider a sequence P, € P,, such that pp, =

op,Sp (VR 0,...,0), so that b := S1°Bp, Jop, = (V&,0,...,0) € RPr
and ||bl]2 = [|bllq = /K, for every ¢ € (0, c0]. Simple relatlons of ¢9-norms
yield

[587 (Bute) = 80.) fon|, = ||28] (Bate) = Br.) for,
1/2

522 (B ﬁpn>/apn (1= su)b)

(2+4m)v4

(2+n)v

=123~ Br,) o,

> |8y — 1|VE — |sn|

@4mva [

‘21/2 - Bp,)/op,

> ‘Sn‘

2+n)va’

where s,, is defined as before, i.e.,

and t2 = 3/ X' X3, /(no?2), so that 6n( ) = $nf3n. Clearly, we have |s,| < 1

SR Bn = br)on|,, L < |BEIB = Bm) o, |, = 0. P
n (24+n)v4 4

probability, by Lemma A.6. Therefore, we see that

(B1) Pl (lsu— Vi —opp(1) > eeV/i/2)
< 2 (42 (Bute) - 50, om

= 60\/E/2> .

Now, as in the proof of Lemma A.5 but with e = 0 (now the linear model is

assumed correct),
2

i 1/2

t?’L
2 n
nop, Vn
and we showed already in that proof that the mixed term vanishes and

|Pgv/v/n||3 = k in PJ-probability. For the remaining quadratic form note

Pn
that #; = l;(wi,...,wip,)’, where l; ~ £; and w;; ~ L, are all inde-
pendent, for i = 1,...,n, j = 1,...,py, in view of Condition (C3). Thus
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A= H)?E%fﬁpn/, /not |15 = LS (V3;)?. Clearly, E[A] = ||b]|3 = £ and

1 B 1 Pn
Var[A] = - Var[(V'#1)?] = - Var |2 Z bj, bj, w1, waj,
J1,Jj2
1 Pn
4
~E L D bubibisbiwig wag,wjwag,
J1,32,33,Ja

IN

1 Pn Pn
:Emm Elwh] Y b} +3 ) b3 b,
j=1

J1752
1
< —E[l)(E[wi] +3)|ollz === 0.

Thus, t2 — k + k = 2k, in P"-probability. Moreover, 62 /02 — 1, in Pj-
probability, because its conditional mean given X converges to 1 and its
conditional variance converges to zero (see the arguments in (A.5) and in the
lines immediately before that display). Thus |s, —1|\/k — c/Kk/2 > ec\/K/2,
such that the probability in (B.1) converges to 1 and the proof is finished. [J

LEMMA B.4. If m, is a 0-stable predictor w.r.t. some class P of dis-
tributions on Z, then there exists a collection {gp : P € P} of measurable
functions gp : X — R, such that for all P € P,

P ({(Ts 20) € 2™ 2 My, (T 20) = gp(20)}) =1, and
P" ({(Th-1,20) € 2" : Mp_1,(Th-1,70) = gp(z0)}) = 1.

REMARK B.5. Note that the dependence of gp on P in Lemma B.4
can not be avoided. For example, suppose that P = {Py, P;} with disjoint
supports Sy N .S1 = @ and consider the naive algorithm

0, ifT, e Sy,

M%mahﬂm)::{l if T, € SP
9 n 1

Clearly, this algorithm is 0-stable, but it does depend on T;,. This is not in
contradiction with Lemma B.4, because My, ,(T},, z0) = gp(zo), where

)i {0 P =P
X =
P 1, ifP=p,.

The paradox is resolved by noticing that since the supports Sy and Sp are
disjoint we can perfectly discriminate between Py and Pj.
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PROOF OF LEMMA B.4. Fix P € P. Fori = 1,...,n, let z;,2; € Z and
zo € X, and note that

|Myp(21,- - 20, %0) — Mup(21, - -, 2, 0) |

P B
n

Z [Mm,(zi, .. ,22’-,1, Ziy ooy 20, T0) — Mn,p(zi, .. ,zl, Zidly -y zn,xo)]
i=1

n
< Z [|Mn7p(zi, ey 21y Ziy ey 20y T0) — Mp—1 (21, 0y 2iq, Zig 1, - - ,zn,xo)’ +
i=1

‘Mn,l,p(zi, s 1y Zid sy 20y 0) — Mpp(21s - 2hy Zid 1y s 20, xo)} ]

By 0-stability, the integral of this upper bound with respect to P?"*1 is equal
to zero. Therefore, applying Lemma B.6 with f = M, ,, S = 2", Pg = P",
T = X and Ppr equal to the x-marginal distribution of P, the first claim
follows. The second claim is now a simple consequence of 0O-stability. ]

LEMMA B.6. Let (S,S, Ps) and (T, T, Pr) be two probability spaces, and
let f:8xT — R be measurable w.r.t. the product sigma algebra S @ T and
the Borel sigma algebra on R. If

/ ‘f(Sl,t) (827 )’dPS®PS®PT(31,82,t)—O7
S2xT
then there exists a measurable function g : T — R, such that
Ps @ Pr((s,0): f(s,1) = g(t)) = 1.
Proor. By Tonelli’s theorem we have

/\fSh F (2. 0)| dPr(t) = 0,

for Pg ® Ps-almost all (s, s2), i.e., for all (s1,s2) € N € S® S, where Ps®
Ps(N) = 0. Furthermore, whenever (si,s2) € N€¢ then f(s1,t) = f(s2,t),
for Pp-almost all ¢, i.e., for all ¢t € M(s1,s2)¢ € T, with Pr(M(s1,s2)) = 0.
For s; € S, consider Ny, := {s € S : (s1,s) € N}, i.e., the sj-section of N,
and use Tonelli again, to see that there exists a Pg-null set L € S, such that
Ps(Ng,) =0, for all s; € L°.

Next, fix s; € L¢ and define the set

A= A(s1) :={(s,t) € Sx T :s5€ N; ,t € M(s1,5)},
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as well as the function g(t) := f(s1,t), for t € T.* We therefore have A C
[(s,8) + fls1,t) = f(s,D} = {(s.8) : g(t) = f(s,)} and, for s € N,
As = M(s1,s)¢ has Pp-probability one. To conclude, we use Tonelli again,
to obtain

Ps ® Pr(A) = / Pr(As)dPs(s) = | Pr(Ay)dPs(s) = Ps(NS,) = 1.
S NSC1
]
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