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Abstract. We study the impact of regulatory capital constraints on �re sales and �nancial
stability in a large banking system using a mean �eld game model. In our model banks adjust
their holdings of a risky asset via trading strategies with �nite trading rate in order to maximize
expected pro�ts. Moreover, a bank is liquidated if it violates a stylized regulatory capital
constraint. We assume that the drift of the asset value is a�ected by the average change in
the position of the banks in the system. This creates strategic interaction between the trading
behavior of banks and thus leads to a game. The equilibria of this game are characterized by
a system of coupled PDEs. We solve this system explicitly for a test case without regulatory
constraints and numerically for the regulated case. We �nd that capital constraints can lead to
a systemic crisis where a substantial proportion of the banking system defaults simultaneously.
Moreover, we discuss proposals from the literature on macroprudential regulation. In particular,
we show that in our setup a systemic crisis does not arise if the banking system is su�ciently
well capitalized or if improved mechanisms for the resolution of banks violating the risk capital
constraints are in place.

Keywords: Mean �eld game , Systemic risk, Price-mediated contagion, Risk capital
constraints, McKean-Vlasov equation

1. Introduction

Contagious interactions between �nancial institutions play an important role in the
ampli�cation of economic shocks during a �nancial crisis. A prime example is the global �nancial
crisis of 2007-2009, where comparatively small losses on the market for US subprime mortgages
were magni�ed by the �nancial system and caused a major recession whose repercussions were felt
throughout the globe. This has led to a large literature on �nancial contagion and systemic risk.
Most of this work focuses on direct contagion generated by contractual links between �nancial
institutions such as interbank lending or OTC derivatives. Examples of this line of research
include Eisenberg and Noe [14], Elsinger et al. [15], Rogers and Veraart [25], Glasserman and
Young [18] or Frey and Hledik [17]. Indirect or price-mediated contagion on the other hand is
caused by price e�ects due to forced de-leveraging, where a distressed �nancial institution is
rapidly selling some of its risky assets in order to stay solvent or to comply with regulatory
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constraints in so-called �re sales. These �re sales tend to exhaust demand for risky assets, which
pushes asset prices downward and possibly leads to losses of other �nancial institutions as well.
The relevance of price-mediated contagion is stressed in many reports and policy papers on the
great �nancial crisis, see Hanson et al. [21] or the introduction of Braouezec and Wagalath [5].
In particular, in [4] the Basel committee acknowledges that

at the height of the crisis �nancial markets forced the banking sector to reduce
its leverage in a manner that ampli�ed downward pressures on asset prices. This
de-leveraging process exacerbated the feedback loop between losses, falling bank
capital and shrinking credit availability.

According to the literature on macroprudential regulation such as Hanson et al. [21], regulatory
capital constraints may be an important contributor to price-mediated contagion: under the
Basel capital adequacy framework the risk capital of a bank (its equity and certain forms of
long-term debt) must exceed a multiple of its risk weighted assets (a measure of the overall size
of the risky assets of a bank scaled by their relative riskiness). If a bank incurs substantial
losses, its risk capital might be reduced tho the extent that it no longer complies with the Basel
rules. Since in such a situation it is usually too costly to issue new equity, the bank is forced to
engage in �re sales in order to avoid regulatory penalties or liquidation. In a recession scenario
where many banks experience losses simultaneously, these �re sales might destabilize the banking
system via price mediated contagion.

Despite the relevance of the topic there are only few mathematical models that analyze the
implications of regulatory capital constraints for systemic risk, see the literature review below.
In this paper we analyze price-mediated contagion in the context of a mean �eld game model
for a large banking system. In our setup a bank invests into a non-tradable asset, for instance
retail loans, into a tradable but illiquid risky asset, for instance tradable credit positions and in
cash, with the objective of maximizing the expected value of its equity at some horizon date T .
The position in the tradable asset can be adjusted only gradually, so that we con�ne banks to
trading strategies that are absolutely continuous with a �nite trading rate. Moreover, banks incur
transaction costs which depend on the size of the trading rate, making a very rapid adjustment
of their position prohibitively costly. We assume that the drift of the tradable assets depends
on the change in the average asset holdings of the banks in the system. In particular prices are
pushed downward if the banking sector reduces its overall position in the tradable assets, so that
there is price-mediated contagion. The optimal trading rate of a bank obviously depends on
the drift of the risky asset and hence on the trading strategies of the other banks, so that there
is interaction between their trading strategies. In mathematical terms we are dealing with a
so-called mean-�eld game of controls (MFGC), where agents interact via the distribution of their
states and via the distribution of the controls (in our case their trading strategies). We introduce
a stylized risk capital constraint and impose the condition that the equity value of a bank needs
to exceed a multiple of its asset holdings at all times. Upon violation of this condition a bank is
liquidated by regulators and its assets are sold on the market.

In the case without capital constraints the mathematical structure of our model is similar to the
MFGC used by Cardaliaguet and LeHalle [6] to study strategic interaction in optimal portfolio
execution. In particular, the PDE system for the game (the dynamic programming equation for
the control problem of individual banks and the forward equation for the distribution of bank
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characteristics) can be reduced to a system of ODEs that has an explicit solution. In the case
with capital constraints, on the other hand, the PDE system for the mean �eld game becomes
a boundary value problem for which there is no explicit solution. Hence we have to resort to
numerical methods. The numerical analysis of the PDE system corresponding to a MFG is
challenging since one deals simultaneously with a forward and a backward equation and hence
with a �xed point problem. For our MFGC model we use Picard iterations combined with a
special discretization scheme that uses some ideas from Achdou and Laurière [2].

Using this scheme we study numerically the impact of capital constraints case on the stability
of the banking system. We �nd that banks liquidate their position faster than in the unregulated
case, in particular when they are close to the liquidation boundary, and that they hold on average
a lower amount of the risky asset, so that the risk bearing capacity of the banking system
is reduced by the capital constraints. For certain parameter values we observe a liquidation

cascade where many banks are violating the risk capital constraints more or less simultaneously
and where the ensuing �re sales have a substantial impact on the drift of the risky assets.
These �ndings lends formal support to the conjecture from the regulatory literature that risk
capital constraints may cause price-mediated contagion. With this in mind we test several
macroprudential risk management policies (regulatory measures trying to mitigate the external
e�ects of rapid deleveraging by multiple �nancial institutions) from the regulatory literature,
see Hanson et al. [21]). In particular, we �nd that in our setup the adverse e�ects of capital
constraints disappear if the banking system is su�ciently well capitalized. Moreover, we show
that �nancial stability is enhanced if banks violating the capital constraints are resolved in a way
that mitigates price-mediated contagion, for instance by parking their assets in a special purpose
vehicle that is unwound only gradually over time.

The remainder of the paper is organized as follows. In Section 2 we introduce our setup and
the optimization problem of an individual bank. The case without capital constraints, where the
MFGC has an explicit solution, is studied in Section 3. In Section 4 we discuss the PDE system
for the MFGC model with capital constraints. Numerical experiments studying the implications
of capital constraints for �nancial stability are discussed in Section 5.

Literature review. We begin with the literature that studies the implications of regulatory
capital constraints in formal economic models. Braouezec and Wagalath [5] consider a one period
model with �nitely many banks that hold positions in the same risky asset. They assume that
the value of this asset is hit by an exogenous shock at time t = 1 and that every bank sells the
minimal amount of assets necessary to comply with the Basel rules. The market for the asset is
not perfectly liquid. Hence the �re sales of one bank create an externality for the other banks
in the system and the liquidation problem becomes a game. Braouezec and Wagalath [5] prove
that this game has at least one equilibrium. Moreover, they run simulation experiments with
input data calibrated to the American banking system, which show that in their model price
mediated contagion signi�cantly ampli�es the impact of the initial shock. Feinstein [16] extends
this analysis to a setting in continuous time with deterministic asset prices. We stress that in
these models banks react in a quite mechanical way to the risk capital constraints. In our model
on the other hand, risk capital constraints and the ensuing price-mediated contagion are factored
into the dynamic investment strategies of the banks and in�uence their behavior prior to reaching
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the liquidation boundary. For further work on �re sales and price-mediated contagion we refer
to Cont and Wagalath [10] or Cont and Schaanning [11] and the references therein.

Next we discuss mean �eld game models for systemic risk. A simple model is proposed in
Carmona et al. [9]. More relevant for our work are the papers by Nadtochiy and Shkolnikov [24],
Hambly et al. [20], [19] or Cuchiero et al. [12]. These papers extend the neuron-�ring model of
Delarue et al. [13] to systemic risk. More precisely, they study the mean �eld limit of banking
systems where every bank su�ers a loss if one bank in the system crosses an exogeneous default
barrier. Fundamental contributions on mean �eld games include Lasry and Lions [22, 23] and
Carmona and Delarue [8]. Lasry and Lions [22, 23] focus on the PDE approach (as we do in
the present paper) whereas Carmona and Delarue [8] discuss the probabilistic approach based
on forward backward SDEs. A good general introduction to the topic is given in Cardaliaguet
and Porretta [7].

2. The Model

2.1. The Banking System. Fix some horizon date T . We consider a large banking system
with a continuum I of stylized banks. Each bank i ∈ I holds some non-tradable asset with value
Ai, for instance retail loans. Moreover, it invests into a risky asset Si, for instance tradable credit
positions, and in cash. We assume that the market for the asset Si is not perfectly liquid so that
a bank can adjust its position only gradually over time. In mathematical terms it is restricted
to trading strategies with �nite trading rate νi = (νit)0≤t≤T . Moreover, there are transaction
costs that are proportional to (νit)

2; in this way we penalize a very rapid change of positions.
We denote by Qi = (Qi

t)0≤t≤T the amount of the tradable risky assets held by bank i (also
referred to as inventory level) and by Ci = (Ci

t)0≤t≤T its cash position. We allow for Ci
t < 0

(this corresponds to the case where the bank is a net borrower) and we work for simplicity with
an interest rate r = 0.

For a given trading strategy ν, the the dynamics of (Ai, Qi, Si) are

dAi
t = σAdW

A,i
t

dQi
t = νitdt+ σQdW

Q,i
t

dSi
t = (µex + αµt)dt+ σSdW

i
t

for parameters α, σA, σS , σQ ≥ 0 and a three-dimensional standard Brownian motion Wi =

(WQ,i,WA,i,WS,i). The transaction cost incurred by bank i is given by κ(νit)
2 for some κ > 0.

We assume that the trading strategies used by bank i will be adapted to the �ltration generated
by the Brownian motion Wi and su�ciently integrable, that is

∫ T
0

(
νis
)2

ds < ∞. Moreover, the
Brownian motions are independent across banks. The cash account is used to �nance the trading
activities of the bank and it collects proceeds from asset sales; its dynamics are thus given by

dCi
t = −Si

tdQ
i
t − κ

(
νit
)2

dt.

Denote by

Xi,ν
t = Ai

t + Si
tQ

i,ν
t + Ci,ν

t

the value of the equity of bank i given that it uses the trading strategy ν. Banks choose their
trading rate ν in order to maximize their expected equity value at the horizon date T , E

(
Xi,ν

T

)
,
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over all strategies ν. For comparison purposes, in the case without capital constraints we also

consider the more general problem of maximizing E
(
Xi,ν

T − γ
(
Qi,ν

T

)2)
for some γ > 0, where

the penalty γ(Qi,ν
T )2 can be interpreted as a terminal liquidation cost.

Comments. (i) The drift of Si depends on two components: µex represents some exogenous
trend and the interaction or contagion term µt is the rate of change in the average number of
risky assets held by the banking sector (a precise de�nition is given in (3.3) and (4.2) below).
In particular the drift of Si decreases if the banking sector reduces its overall position in the
tradable assets. Note that the optimal trading rate of bank i depends on the drift of Si and
hence on the contagion term µt, which in turn depends on the trading strategies of the other
banks in the system. Hence there is strategic interaction between the trading of the banks and
are dealing with a game.

(ii) The di�usion term in the dynamics of Qi re�ects the fact that large banks are usually
not able to perfectly control the exact amount of risky assets they hold, for instance due to
execution delays. From a mathematical perspective, the di�usion term in the dynamics of Ai

and Qi ensures that the PDE system characterizing the mean-�eld game is uniformly parabolic.

(ii) In our model the Brownian motions Wi, i ∈ I, are independent, so that banks interact
only via the impact of their trading on the drift µ. It might make sense to consider a common
noise component in the asset price, but this more involved case is left for future research.

2.2. The HJB equation. Next we derive the HJB equation for the optimization problem
of a generic bank. From now on we omit the superscript i since the banks in our system
are all identical. Using Itô's product formula and the assumption that Brownian motions are
independent we get the following dynamics for the process X = (Q,X),

dQt = νtdt+ σQdW
Q
t ,

dXt = dAt + d(StQt) + dCt = dAt +QtdSt + StdQt − StdQt − κν2t dt

=
(
Qt(µex + αµt)− κν2t

)
dt+ σAdW

A
t +QtσSdW

S
t .

Assume furthermore that µt is given by a known function µ(t) (µ(t) can be interpreted as a
bank's expectation of the contagion term.) It follows that for a constant strategy νt ≡ ν the
process X is Markov with generator

LX,νf = ν∂qf +
(
q(µex + αµ(t))− κν2

)
∂xf +

1

2
σ2
Q∂

2
qf +

1

2

(
σ2
A + σ2

Sq
2
)
∂2
xf.

Standard arguments of stochastic control theory give the following HJB equation for the value
function u of the bank's optimization problem

0 = ∂tu+ sup
ν∈R

{
ν∂qu+

(
q(µex + αµ)− κν2

)
∂xu+

1

2
σ2
Q∂

2
qu+

1

2

(
σ2
A + σ2

Sq
2
)
∂2
xu

}
,

or, equivalently,

(2.1) 0 = ∂tu+ q(µex + αµ(t))∂xu+
1

2
σ2
Q∂

2
qu+

1

2

(
σ2
A + σ2

Sq
2
)
∂2
xu+ sup

ν∈R

{
ν∂qu− κν2∂xu

}
;
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the terminal condition is u(T, q, x) = x − γq2. Note that in an equilibrium of the game the
predicted drift µ(t) and the realized drift µt should coincide so that we get the additional
consistency or equilibrium condition µ(t) = µt.

2.3. Risk capital constraints. Under the Basel capital adequacy rules the risk capital of a
bank must exceed a multiple of its so-called risk weighted assets (RWA). Loosely speaking, this
quantity is a weighted average of the size of the position in di�erent asset classes, where the
weights re�ect di�erences in riskiness. In this paper we introduce a stylized version of this
constraint. We model the risk capital of a bank at time t by the book value of its equity Xt and
the risk weighted assets by the term β̃|Qt|+ c̃ where β̃|Qt| represents the risk of the position in
the tradable asset S and the constant c̃ the risk of the position in the non-traded asset. This
leads to a condition of the form Xt > β|Qt| + c for constants c, β > 0. We denote by the open
set A the set of acceptable positions, that is

A = {x = (q, x) ∈ R× R+ : x > β|q|+ c}
and we we denote its boundary by ∂A. In the case with capital constraints we assume that a
bank is liquidated by the regulator at the stopping time τ = inf{t ≥ 0: Xt /∈ A}, that is as soon
as its position reaches ∂A. We assume that the equity holders lose their claim to the bank's
equity in that case. This leads to the boundary condition u ≡ 0 on ∂A. (For mathematical
reasons, in Section 4 we will consider a slightly relaxed version of this condition.) In the sequel
we refer to a bank with τ > t as an active bank at t.

3. The Case without Capital Constraints

In the case without capital constraints (the so-called unregulated case) we denote the value
function by uunreg. Choosing a similar approach as Cardaliaguet and LeHalle [6], we obtain an
explicit solution for uunreg and for the optimal strategy. We make the Ansatz uunreg(t, q, x) =

x + v(t, q). This implies that ∂xuunreg = 1 and we get the following HJB equation for v (for a
given interaction term µ(t))

(3.1) 0 = ∂tv + q(αµ(t) + µex) + sup
ν∈R

{
ν∂qv − κν2

}
,

with terminal condition v(T, q) = −γq2. It follows that the optimal strategy is given by

ν∗(t, q) =
∂qv(t, q)

2κ
,

in particular, ν∗ is independent of x. To �nd an explicit solution for v we make the Ansatz

v(t, q) = h0(t) + h1(t)q −
1

2
h2(t)q

2.

Note that supν∈R
{
ν∂qv − κν2

}
=

(∂qv)2

4κ . Substituting the Ansatz for v into the HJB (3.1) gives

0 = h′0 + h′1q −
1

2
h′2q

2 + q(αµ(t) + µex) +
h21 − 2h1h2q + h22q

2

4κ
,

which yields the following ODE system for h0, h1, h2

h′2 =
h22
2κ

, h′1 = −αµ(t)− µex +
h1h2
2κ

, h′0 = −h21
4κ
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with terminal conditions h0(T ) = h1(T ) = 0 and h2(T ) = 2γ. There is an explicit solution of
the ODE for h2,

(3.2)

{
h2(t) =

2κ
T−t+κ

γ
γ > 0,

h2(t) ≡ 0 γ = 0.

Moreover, the optimal strategy is given by ν∗(t, q) = 1
2κ(h1(t)− h2(t)q). Note that this strategy

is linear in q (and in fact even constant if γ = 0).

Since ν∗ depends only on q (and not on the equity value x), each agent is fully characterized
by his current inventory, so that we may describe the distribution of agents in terms of the
distribution of inventory levels. We denote the distribution ofQt mt(dq) and we use for f : R → R
the notation ⟨mt, f⟩ :=

∫
R f(q)m(t,dq). Recall that the interaction term in the drift is of the

assets is the change in the average inventory level. Using the above notation we get the following
formal de�nition of µt

(3.3) µt =

∫
R
q m(t,dq) = ⟨m(t), q⟩ .

Denote by LQ the generator of Q. For f in the domain of LQ the weak form of the forward
equation for the evolution of mt(dq) reads

∂t⟨mt, f⟩ = ⟨mt,LQ
t f⟩ .

If mt(dq) has a density, i.e. m(t,dq) = m(t, q)dq for all t, partial integration gives the classical
forward equation for m(t, q) (but in the case without capital constraints we do not need this
equation). Using the forward equation and the fact that LQq = ν∗ we get that

(3.4) µt = ∂t⟨mt, q⟩ = ⟨m(t),LQ
t q⟩ = ⟨mt, ν

∗(t, ·)⟩ ,

so that µ can be interpreted as average trading rate of the banks.

Following [6], we introduce the average inventory level E(t) = ⟨m(t), q⟩. It follows from (3.3)
that the contagion term µt equals E

′(t). Using (3.4) and the relation ν∗(t, q) = 1
2κ(h1(t)−h2(t)q)

we thus get the following ODE for the average inventory E(t)

E′(t) = ⟨mt, ν
∗(t, ·)⟩ = 1

2κ
(h1(t)− h2(t)E(t)) ,

with initial condition E0 = ⟨m0, q⟩, where m0(dq) is the given initial distribution of the inventory
Q. Using �nally the equilibrium condition µ(t) = µt, we get the following ODE system for h0, h1
and E (h2 is given in (3.2))

h′1 = − α

2κ
(h1 − h2E)− µex +

h1h2
2κ

h1(T ) = 0 ,(3.5a)

h′0 = −h21
4κ

h0(T ) = 0 ,(3.5b)

E′ =
1

2κ
(h1 − h2E) E(0) = E0.(3.5c)

The ODE system (3.3) can be viewed as a reduced form of the PDE system that usually describes
the equilibrium in a MFG. In fact, the backward equation (3.5a) derives from the HJB equation
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and it ensures that trading rate of a bank is optimal given the interaction term whereas (3.5c)
comes from the forward equation for the distribution of the inventory.

Next we extend the arguments from [6] to obtain an explicit solution. We get from (3.5c) that
h1 = 2κE′ + h2E, and hence h′1 = 2κE′′ + h′2E + h2E

′. Plugging the second relation into (3.5a)
yields

0 = −(2κE′′ + h′2E + h2E
′)− αE′ − µex + E′h2 +

h22E

2κ

= −2κE′′ − αE′ +
h22 − 2κh′2

2κ
E − µex.

By (3.2), we get the following second order ODE for E

E′′ +
α

2κ
E′ = −µex

2κ
,

with initial condition E(0) = E0 and with E(T ) solving E′(T ) + γ
κE(T ) = 0 (this follows from

(3.5c)). Solving this problem yields

E(t) =
E0

(
α2e−

α
2κ

T + 2γα
(
e−

α
2κ

t − e−
α
2κ

T
))

− (2κµex + 2µexγT )
(
e−

α
2κ

t − 1
)

(α2 − 2γα) e−
α
2κ

T + 2γα
− µex

α
t.

Given h2 and E, we can compute h1, h0 and therefore also v and ν∗ by integration. The
corresponding formulas are given in Appendix B.

4. The case with capital constraints

4.1. The PDE system for the MFGC. In the case with capital constraints the Ansatz
u(t, q, x) = x + v(t, q) is inconsistent with the boundary condition for u on ∂A. Moreover, we
expect that the optimal trading rate depends both on x and q, since close to the boundary of A
the bank will want to reduce its position in order to avoid liquidation. Hence we need to work
with the two-dimensional state price process X = (X,Q) and with the full HJB equation (2.1).

To complete the description of the HJB equation in the case with capital constraints we next
give a precise description of the terminal and boundary condition we impose on u. At T we
assume that u(T, x, q) = x. Consider next for �xed ϵ > 0 the function k : [0, T ] → R with

k(t) =
1

2ϵ

(
t− T + ϵ+

√
0.0004 + (t− T + ϵ)2

)
,

and note that k is a smooth function with the following properties: k(T ) ≈ 1; k(t) is non-
decreasing for all t ≤ T ; k(t) ≈ 0 for all t ≤ T − ϵ. In the following we assume that

(4.1) u(t, q, x) = k(t) · (β|q|+ c), (t, q, x) ∈ [0, t)× ∂A
and we use the terminal condition u(T, q, x) = x, that is we set γ = 0. Condition (4.1) ensures
that u ≈ 0 on ∂A for t < T − ϵ and that at time T boundary and terminal condition are
consistent.

If a smooth solution u of the HJB equation (2.1) with the boundary condition (4.1) exists, the
optimal trading rate is found by maximizing (2.1) with respect to ν, which yields

ν∗(t, q, x) =
∂qu

2κ∂xu
(t, x, q).
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Next we discuss the evolution of the distribution of X. We denote by mt(dq,dx) the distribution
of Xt, assuming that banks use the strategy ν∗ and that the contagion term µt is equal to a given
deterministic function µ(t). For f : A → R we use the notation ⟨mt, f⟩ =

∫
A f(q, x)mt(dq,dx).

For a function f in the domain of LX with f = 0 on ∂A, the weak form of the forward equation
for mt(dq,dx) is

∂t⟨mt, f⟩ = ⟨mt,LXf⟩ .
Partial integration and the boundary condition m(t, q, x) ≡ 0 on ∂A give the forward equation
for the density m(t, q, x) ∂tm(t, q, x) =

(
LX

)∗
m(t, q, x) , where

(
LX

)∗
is the adjoint operator of

LX. More explicitly,

0 = ∂tm− 1

2
σ2
Q∂

2
qm− 1

2

(
σ2
A + σ2

Sq
2
)
∂2
xm+ ∂q (ν

∗m) + ∂x
((
q(µex + αµ(t))− κ(ν∗)2

)
m
)
.

with initial condition m(0, ·) = m0 for a given initial density m0 on A.

In the case with capital constraints, the assumption that µt is the rate of change in the average
amount of risky assets in the banking system leads to the following formal de�nition

(4.2) µt = ∂t⟨mt, q⟩ = ∂t

∫
A
q mt(dx, dq) ,

assuming of course that this derivative exists.1

Summarizing, we get the following system of coupled PDEs for an equilibrium of the MFGC.

(4.3)



0 = ∂tu+ q(µex + αµ(t))∂xu+
1

2
σ2
Q∂

2
qu+

1

2

(
σ2
A + σ2

Sq
2
)
∂2
xu+

(∂qu)
2

4κ∂xu
(HJB)

0 = ∂tm− 1

2
σ2
Q∂

2
qm− 1

2

(
σ2
A + σ2

Sq
2
)
∂2
xm+ ∂q

(
∂qu

2κ∂xu
m

)
+ ∂x

((
q(µex + αµ(t))− (∂qu)

2

4κ(∂xu)2

)
m

)
(forward)

µ(t) = ∂t⟨mt, q⟩ (equilibrium)

u(T, q, x) = x (terminal)

m(0, q, x) = m0(x, q) (initial)

u(t, q, x) = k(t) · (βq + c) on Ac (boundary)

m(t, q, x) = 0 on Ac (boundary).

4.2. Discussion. Next we describe qualitative properties of solutions under the assumption that
a classical solution to (4.3) exists. Moreover, we discuss some of the challenges that arise if one
wants to establish mathematical results on existence and uniqueness of solutions to the system
(this issue is not addressed in the present paper). In Section 5 we use numerical methods to
study solutions to the MFGC equations and their dependence on model parameters.

4.2.1. Contagion term. We begin with a discussion of the contagion term µt = ∂t⟨mt, q⟩.
Intuitively there are two source for contagion: �rst, the average selling rate of the active banks
at t and second the amount of assets that are liquidated as banks reach the liquidation boundary
∂A. We now give a mathematical derivation of this decomposition. Suppose that m(t, q, x) is a

1This is not straightforward, see the discussion in Section 4.2.2.
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classical solution of the forward equation that decays exponentially as |x| → ∞, and denote by(
LX

)∗
the adjoint operator of LX. We get from the forward equation and Green's formula that

∂t⟨mt, q⟩ =
∫
A
q
(
LX

)∗
m(t, q, x) dqdx =

∫
A
m(t, q, x)LXq dqdx+

∫
∂A

q∂Mm(t, x, q)Γ(dx, dq) ,

where Γ(dx,dq) is the surface element of ∂A and ∂M denotes di�erentiation in direction of
the so-called co-normal M.2 Using the de�nition of the co-normal we can give an explicit
expression for ∂Mm(t, q, x). Let n = (n1, n2)

′ be the outer normal to ∂A. Then ∂M =
1
2

(
σ2
Qn1∂Q + (σ2

A + q2σ2
S)n2∂X

)
.

Recall that LXq = ν∗(t,x). Hence we get, as µt = ∂t⟨mt, q⟩ by de�nition,

µt = ⟨mt, ν
∗⟩+ 1

2

∫
∂A

q
(
σ2
Qn1∂Qm(t, q, x) + (σ2

A + q2σ2
S)n2∂Xm(t, q, x)

)
dΓ(dx,dq) .

The �rst term is the average trading rate of the active banks, similarly as in the unregulated
case. The second term gives a mathematical formula for the instantaneous amount of assets
that are liquidated as banks reach the liquidation boundary ∂A. The form of this term is quite
intuitive: it depends depends on the volatility of Q and X and on the gradient ∇m(t,x) on ∂A.
Since m(t,x) = 0 for x ∈ ∂A, the partial derivatives of m at the boundary point x are a measure
for the mass of the banks close to the liquidation boundary at x. Hence the second term is large
if there are comparatively many banks close to the liquidation boundary and if the volatility of
the state process is large.

4.2.2. Mathematical challenges. Next we discuss mathematical challenges arising in the analysis
of the system (4.3). We begin with the existence of a smooth density of X. If we combine the
forward equation for m and the equilibrium condition we get the following nonlinear di�erential
equation for m

∂tm− 1

2
σ2
Q∂

2
qm− 1

2

(
σ2
A + σ2

Sq
2
)
∂2
xm+ ∂q

(
∂qu

2κ∂xu
m

)
+ ∂x

((
q(µex + α∂t⟨mt, q⟩)−

(∂qu)
2

4κ(∂xu)2

)
m

)
= 0

This is the so-called McKean-Vlasov equation for m. The existence of a smooth solution to this
equation is not guaranteed. The main problem is the contagion term: if the weight α of the
contagion term is relatively large or if many banks are close to the liquidation boundary, the
feedback e�ects due to contagion can lead to a liquidation cascade where a substantial part of the
banking system is liquidated simultaneously, so that the mapping t 7→ ⟨mt, q⟩ has a jump. In the
terminology of Nadtochiy and Shkolnikov [24] this constitutes a systemic risk event. In a slightly
simpler setting where X is an uncontrolled one-dimensional process, the existence of solutions
to the McKean Vlasov equation is studied in detail by Delarue et al. [13] and Hambly et al. [20],
see also Cuchiero et al. [12]. Based on the results obtained in these papers we conjecture that
for α su�ciently large there will be a systemic risk event, whereas for α su�ciently small the
McKean-Vlasov equation has a solution; this is also in line with the �ndings from our numerical

2In principle Greens formula holds only for compact domains, but we can extend this to our case using the
assumed exponential decay of m(t,x).
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experiments. Note however, that our setup is more complicated than the models from [13] or
[20] and that the parameters µex and κ and the volatility of X and Q play a role as well.

Finally, we comment on existence and uniqueness of an equilibrium for the MFGC, assuming
that the McKean Vlasov equation has a solution. Here we expect positive results in two cases:
a) if the initial distribution m0 has very little mass close to the liquidation boundary (i.e. if the
banking system is well capitalized) the system behaves essentially like the unregulated system for
which we have existence results; b) if α, 1

κ and T are not too large we expect a solution to exist
due general results on the small-time asymptotics for MFGs. These conjectures are supported
by our numerical experiments, a formal analysis is however relegated to future research.

4.3. Numerical Methods for the MFGC. In order to solve the coupled PDE system resulting
from our MFGC numerically, it is necessary to discretize the respective equations. This can be
done via �nite di�erence schemes. To solve the resulting discrete system, we use an iterative
scheme that consists of Picard iterations. Loosely speaking, one starts with a guess m(0) for the
�ow of measures and one computes the associated contagion term µ(0). Then one computes the
corresponding solution u(1) and the corresponding strategy ν(1) of the HJB equation backward
in time, using µ(0) as input, and one determines the dynamics of the corresponding state process
X(1) := Xν(1)

. The measure �ow m(1) is then given as solution of the forward equation for
X(1). From this one computes µ(1), then u(2), and so on, until some convergence criterion is
met. Re�nements of this approach are discussed in Achdou and Laurière [2], and in Achdou and
Kobeissi [1].

In Appendix A we present details of our numerical methodology: we explain how to discretize
the system (4.3) and we give pseudo-code that explains how we implement the Picard iteration.
To test our implementation we compared the theoretical solution for the unregulated case derived
in Section 3 to the numerical solution obtained via our implementation of the Picard iteration.
The errors obtained were very small, so that we feel con�dent to apply the method also to the
case with capital constraints.

5. Numerical experiments for the case with capital constraints

In this section we report results from numerical experiments. In these experiments we study
how capital constraints a�ect the trading rate of individual banks and the stability of the banking
system. Moreover, we study the e�ectiveness of two macroprudential risk management policies,
namely (i) increasing the capitalisation of the banking system and (ii) improving the resolution
mechanism for banks violating the capital constraints.

For the numerical solution we used Nk = 1000 time steps, NQ = 50 steps in q-direction and
NX = 150 steps in x direction. We �x the parameters γ = 0, σQ = 1.4, σS = 2, σA = 0.1, β = 3,
c = 5 and T = 1. The remaining parameter values are reported in Table 1; these values vary
across experiments in order to best illustrate certain economic e�ects.

5.1. Properties of the optimal trading rate and the value function. In Figure 1 we
plot sections of the optimal strategy ν∗(t, q, ·) and of the value function value function u(t, q, ·)
for varying x and �xed q = 7 for various t. The other parameters are given in the �rst line
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Scenario m0 α κ µex αactive αliq

1 N
((

5

60

)
,

(
0.1 0

0 15

))
1 20 +1.6

2 N
((

5

60

)
,

(
0.1 0

0 15

))
1 20 −1.6

3 N
((

5

70

)
,

(
0.1 0

0 15

))
1 20 −1.6

4 N
((

5

60

)
,

(
0.1 0

0 15

))
20 −1.6 0.8 0.2

Table 1. Parameter values for numerical experiments

of Table 1; in particular we assume that µex = 1.6, so that in the unconstrained case ν∗ > 0.
The left panel corresponds to the case with capital constraints, the right panel gives the solution
in the unregulated case. We see that in the presence of capital constraints, for x close to the
liquidation boundary (for q = 7, c = 5 and β = 3 at x = 26) the value function is concave
in x. The optimal trading rate displays an interesting behavior: for x large it is equal to the
optimal trading rate in the unconstrained case and thus constant; as x decreases ν∗ decreases
substantially as the bank wants to reduce its inventory to avoid liquidation.

In Figure 2 we plot sections of the optimal strategy ν∗(t, ·, x) and of the value function value
function u(t, ·, x) for varying q and �xed x = 32 for various t, again for µex = 1.6. If q is far
away from the liquidation boundary, strategy and value function coincide in the regulated and
in the unregulated case. We see that q close to the liquidation boundary banks are deleveraging
to avoid liquidation. Moreover, for q close to the boundary the value function is decreasing in q

whereas in the case without capital constraints it is increasing throughout (since in that case a
higher inventory level means higher expected pro�ts as µex > 0.

5.2. Stability of the banking system. Next we study the impact of capital constraints on
the stability of the banking system. The parameters used are given in scenario 2 of Table 1.
This parameter setting corresponding to a recession scenario where the assets of all banks trend
downward (µex = −1.6) and where at t = 0 a large fraction of the banking system is close to
the liquidation boundary, due to the low value for the mean of the initial distribution of banks'
equity (E(X0) = 60). Note that the value for κ is quite large so that that the trading rate is low;
this corresponds to the case where the tradable asset is relatively illiquid.

Figure 3 shows contour plots of the density m(t, q, x) at t = 0 and t = T . Due to the negative
drift µex = −1.6 the density curve is transported to the left over time (the average equity value
decreases), as we would expect in a recession scenario. We observe that in the unregulated case
this move is more pronounced.

Figure 4 presents a summary of the evolution of the banking system. We observe that there
is a strong spike in the liquidation intensity (the change in the proportion of liquidated banks
per unit of time) and a strong decrease in µt at t ≈ 0.9, that is the system is close to a systemic
crisis. In fact, if we increase the parameter α, the Picard iterations cease to converge. Further,
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Figure 1. Graph of the optimal strategy (top) and of the value function
(bottom) for �xed q and several time points for µex = 1.6. Left the case with
boundary conditions; right the unregulated case. Parameters as in Scenario 1 of Table 1.

the plots show that in the regulated case the risk bearing capacity of the banking system (the
average number of risky assets held by the system) and the mean book value of equity is lower
than in the case with capital constraints.

5.3. Macroprudential policy measures. Finally, we analyze the impact of two
macroprudential policy measures.

5.3.1. Increasing capitalization. It is often argued that su�cient amount of equity capital in the
banking system helps to stabilize the system, see for instance Admati and Hellwig [3] or Hanson
et al. [21]. We therefore study how a higher level of initial equity a�ects the initial distribution of
the system. In Figure 5 we plot the banking system for the same parameters as in Figure 4 except
that we now assume that the mean of the initial equity distribution is E(X0) = 70 (scenario 3
of Table 1) and thus substantially higher than in Figure 4. We observe that the behaviour of
the system is very similar to the unregulated case, in particular the spike in the liquidation
intensity at t = 0.9 has almost disappeared. This clearly supports regulatory e�orts to ensure
that banking systems are well capitalized.
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Figure 2. Graph of the optimal strategy (top) and of the value function
(bottom) for �xed x and several time points for µex = 1.6. Left the case with
boundary conditions; right the unregulated case. Parameters as in Scenario 1 of Table 1.

Improving the resolution mechanism. The relatively low values for the average trading rate
suggest that a systemic risk event is mostly due to the automatic and immediate liquidation of
banks upon violation of the capital constraints and less due to the trading behavior of the active
banks. This suggests that �nancial stability is enhanced if banks violating the capital constraints
are resolved in a way that mitigates price-mediated contagion, for instance by parking the assets
of these banks in a special purpose vehicle that is unwound only gradually over time. A simple
way to test this conjecture in our framework is to work with a coe�cient αactive for the impact of
the trading of active banks and with a smaller coe�cient αliq for the impact of the liquidation.
In Figure 6 we let αactive = 0.8 and αliq = 0.2 (scenario 4 of Table 1). Figure 6 shows the
corresponding liquidation intensity.

6. Conclusion

In this paper we have studied the impact of regulatory capital constraints on �re sales and
�nancial stability in a large banking system using a mean �eld game of control (MFGC) model.
In our setting banks adjust their holdings of a risky asset via trading strategies with �nite trading
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Figure 3. Contour plot of the population density (mean �eld) at t = 0 and at
t = T for the unregulated case (left) and the regulated case (right); acceptance
region A in green, parameters as in Scenario 2 of Table 1.

rate. Moreover, a bank is liquidated if it violates a stylized regulatory capital constraint. We
assumed that the drift of the asset value is a�ected by the average change in the position of the
banks in the system, which creates price mediated contagion. Numerical methods were used to
study properties of the banking system. We found that for high enough values of the contagion
parameter a banking system that is not very well capitalized may experience a liquidation
cascade or systemic risk event, where many banks default more or less simultaneously. These
�ndings lends formal support to the conjecture from the regulatory literature that risk capital
constraints may cause price-mediated contagion. They also support calls for macroprudential
approaches to bank regulation (essentially regulatory e�orts trying to mitigate the external e�ects
of rapid deleveraging, see Hanson et al. [21]) in addition to standard capital constraints. Most
importantly, regulators should ensure that the banking system is su�ciently well capitalized, as
in that case the occurrence of a liquidation cascade is very unlikely. Moreover, it might help to
consider improved resolution mechanisms for banks that violate the capital constraints and to
park their assets in a special purpose vehicle that is unwound gradually over time.

Acknowledgements. We would like to thank Yves Achdou for his helpful comments regarding
the numerical solution of our PDE system.
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Figure 4. Summary of the banking system in a recession scenario. Parameters
as in Scenario 2 of Table 1. Note in particular the spike in the liquidation intensity
at t = 0.9.
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Figure 5. Summary of the banking system with higher initial capital (E[X0] =

70), other parameters as in Figure 4. Parameters as in Scenario 3 of Table 1.

Figure 6. Liquidation intensity with smaller liquidation impact parameter αliq.
Parameters are given in Scenario 4 of Table 1.
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Appendix A. Details on the numerical implementation

A.1. Overview and Notation. Our goal is to numerically solve the coupled PDE system (4.3)
by �rst discretizing it and then using Picard iterations, where the value function and density
describing the system are updated until convergence. The main challenges in solving the system
numerically are (i) the coupling between the HJB and the forward equation, (ii) the fact that
the HJB equation goes backward in time while the PDE describing the evolution of the density
goes forward in time, (iii) the natural requirement for the density to be nonnegative and mass-
preserving, and (iv) the nonlinearity of our system with respect to various partial derivatives.
One common approach from literature to overcome the �rst three challenges is to use a special
�nite di�erence scheme consisting of a combination of right- and left-sided di�erences combined
with Picard iterations until convergence of the system. We will shortly describe how we tackle
the last challenge mentioned that arises from the structure of our PDE system. For completeness,
let us start by introducing some standard notation needed for the discretization of the system.

For positive integers NT , NQ,NX , we de�ne the time step size as ∆t = T
NT

and the step sized

related to the state variables Q and X as ∆q = Qmax−Qmin

NQ
and ∆x = Xmax−Xmin

NX
, respectively.

The set of discrete time steps on our grid is then T = {tk = k∆t, k = 0, . . . , NT } and the grid
corresponding to the state variable is H = {hij = (qi, xj) = (Qmin + i∆q,Xmin + j∆x), i =

0, . . . , NQ, j = 0, . . . , NX}. We aim to approximate u(tk, hi,j) and m(tk, hi,j) by uki,j and mk
i,j ,

through solving the discrete approximations of the coupled PDE system. We de�ne the following
�nite di�erence operators for some function y : T× H → R

Dty
k
i,j =

yk+1
i,j − yki,j

∆t
, [Discrete time derivative]

Dqy
k
i,j =

yki+1,j − yki−1,j

2∆q
, [Central di�erence operator in q]

DR
q y

k
i,j =

yki+1,j − yki,j
∆q

, [Right di�erence operator in q]

DL
q y

k
i,j =

yki,j − yki−1,j

∆q
, [Left di�erence operator in q]

Dxy
k
i,j =

yki,j+1 − yki,j−1

2∆x
, [Central di�erence operator in x]

∆qy
k
i = − 1

∆q2

(
2yki,j − yki+1,j − yki−1,j

)
, [Central second order di�erence in q]

∆xy
k
i,j = − 1

∆x2

(
2yki,j − yki,j+1 − yki,j−1

)
, [Central second order di�erence in x]

∆qxy
k
i,j =

Dqy
k
i,j+1 −Dqy

k
i,j−1

2∆x

=
yki+1,j+1 − yki−1,j+1 − yki+1,j−1 + yki−1,j−1

∆q∆x
. [Mixed second order di�erence]

By de�nition of these operators, at boundary nodes the grid needs to be extended by one layer.
We extend both the value function and the density linearly, i.e. by assuming u(q + ∆q, x) =
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u(q, x)+(u(q, x)−u(q−∆q, x)), u(q, x+∆x) = u(q, x)+(u(q, x)−u(q, x−∆x)), and m similarly.
Before descritizing our equation system, we also need to rewrite some terms. Note that

∂q

(
∂qu

2κ∂xu
m

)
= ∂q

(
∂qu

2κ∂xu

)
m+

∂qu

2κ∂xu
∂qm =

1

2κ

∂2
qu∂xu− ∂qu∂q∂xu

(∂xu)
2 m+

∂qu

2κ∂xu
∂qm

and

∂x

((
q(µex + αµ)− (∂qu)

2

4κ(∂xu)2

)
m

)
= q(µex + αµ)∂xm− ∂x

(
(∂qu)

2

4κ(∂xu)2

)
m− (∂qu)

2

4κ(∂xu)2
∂xm

= q(µex + αµ)∂xm− 1

4κ

∂x(∂qu)
2 · (∂xu)2 − (∂qu)

2 · ∂x(∂xu)2

(∂xu)4
m− (∂qu)

2

4κ(∂xu)2
∂xm

= q(µex + αµ)∂xm− 1

4κ

2∂qu∂x∂qu · (∂xu)2 − (∂qu)
2 · 2∂xu∂2

xu

(∂xu)4
m− (∂qu)

2

4κ(∂xu)2
∂xm.

A.2. Discretization. In what follows, with regards to the discretization of the system, we follow
the idea proposed by Achdou and Laurière [2], who use a mix of right- and left-sided di�erence
operators for the discretization in order to be able to overcome the mentioned challenges (i)-
(iii). A numerical Hamiltonian is used that is non-increasing in the right-sided di�erences and
non-decreasing in the left-sided di�erences of the state variable.

However, we need to modify this idea due to the complexity of our model. In our PDE system,
there are terms whose monotonicity with respect to derivatives in di�erent dimension is not
clear, as they depend on derivatives with respect to both q and x. We therefore use central
di�erence operators in x, but distinguish between left- and right-sided di�erence operators in the
dimension of q in order to overcome challenge (iv). Thereby we can achieve better stability of
our algorithm. Speci�cally, we choose the numerical Hamiltonian such that it is non-increasing
in the right-sided di�erence DR

q and non-decreasing in the left-sided di�erence DL
q .

We discretize the term (∂qu)2

4κ∂xu
in the HJB as

max


[(

DR
q u

k
i,j

)−
]2

4κDxuki,j
,

[(
DL

q u
k
i,j

)+
]2

4κDxuki,j

 .

For the forward equation, we discretize the term

∂q

(
∂qu

2κ∂xu
m

)
=

1

2κ

∂2
qu∂xu− ∂qu∂q∂xu

(∂xu)
2 m+

∂qu

2κ∂xu
∂qm

as
1
2κ

∆quk
i,jDxuk

i,j−
{
max

[
(DR

q uk
i,j)

+
(∆qxuk

i,j)
+
,(DL

q uk
i,j)

−
(∆qxuk

i,j)
−]

+min
[
(DR

q uk
i,j)

−
(∆qxuk

i,j)
+
,(DL

q uk
i,j)

+
(∆qxuk

i,j)
−]}

(Dxuk
i,j)

2 mk
i,j

+ 1
2κDxuk

i,j

[
max

{
(DL

q u
k
i,j)

+(DL
q m

k
i,j)

+, (DR
q u

k
i,j)

−(DR
q m

k
i,j)

−
}

+min
{
(DR

q u
k
i,j)

+(DL
q m

k
i,j)

−, (DL
q u

k
i,j)

−(DR
q m

k
i,j)

+
}]

,



20 R. FREY AND T. TRAXLER

and the term

∂x

((
q(µex + αµ)− (∂qu)

2

4κ(∂xu)2

)
m

)
= q(µex + αµ)∂xm− 1

4κ

2∂qu∂x∂qu · (∂xu)2 − (∂qu)
2 · 2∂xu∂2

xu

(∂xu)4
m− (∂qu)

2

4κ(∂xu)2
∂xm,

as
q(µex + αµk + δ)Dxm

k
i,j

− 1
4κ

2(Dxuk
i,j)

2·
{
max

[
(DL

q uk
i,j)

+
(∆qxuk

i,j)
+
,(DR

q uk
i,j)

−
(∆qxuk

i,j)
−]

+min
[
(DL

q uk
i,j)

−
(∆qxuk

i,j)
+
,(DR

q uk
i,j)

+
(∆qxuk

i,j)
−]}

(Dxuk
i,j)

4 mk
i,j

+ 1
4κ

max

{[
(DR

q uk
i,j)

−]2
,
[
(DL

q uk
i,j)

+
]2}

·2Dxuk
i,j∆xuk

i,j

(Dxuk
i,j)

4 mk
i,j −max

{[
(DL

q uk
i,j)

−]2
4κ(Dxuk

i,j)
2 ,

[
(DR

q uk
i,j)

+
]2

4κ(Dxuk
i,j)

2

}
Dxm

k
i,j .

To shorten the notation we de�ne

Fij(u
k
,m

k
) :=

1

2κ

(
∆qu

k
i,jDxu

k
i,j(

Dxuk
i,j

)2

−
max

[(
DR

q uk
i,j

)+ (
∆qxu

k
i,j

)+
,
(
DL

q uk
i,j

)− (
∆qxu

k
i,j

)−
]
+ min

[(
DR

q uk
i,j

)− (
∆qxu

k
i,j

)+
,
(
DL

q uk
i,j

)+ (
∆qxu

k
i,j

)−
]

(
Dxuk

i,j

)2

)
m

k
i,j

+
1

2κDxuk
i,j

[
max

{
(D

L
q u

k
i,j)

+
(D

L
q m

k
i,j)

+
, (D

R
q u

k
i,j)

−
(D

R
q m

k
i,j)

−
}

+ min
{
(D

R
q u

k
i,j)

+
(D

L
q m

k
i,j)

−
, (D

L
q u

k
i,j)

−
(D

R
q m

k
i,j)

+
}]

+ q(µex + αµ
k
+ δ)Dxm

k
i,j

−
2
(
Dxu

k
i,j

)2
·
{
max

[(
DL

q uk
i,j

)+ (
∆qxu

k
i,j

)+
,
(
DR

q uk
i,j

)− (
∆qxu

k
i,j

)−
]
+ min

[(
DL

q uk
i,j

)− (
∆qxu

k
i,j

)+
,
(
DR

q uk
i,j

)+ (
∆qxu

k
i,j

)−
]}

4κ(Dxuk
i,j)

4
m

k
i,j

+

max

{[(
DR

q uk
i,j

)−
]2

,

[(
DL

q uk
i,j

)+
]2}

· 2Dxu
k
i,j∆xu

k
i,j

4κ(Dxuk
i,j)

4
m

k
i,j − max


[(

DL
q uk

i,j

)−
]2

4κ
(
Dxuk

i,j

)2
,

[(
DR

q uk
i,j

)+
]2

4κ
(
Dxuk

i,j

)2

Dxm
k
i,j ,

which leads to the following discretized PDE system.



Dtu
k
i,j + qi(µex + αµk)Dxu

k
i,j +

1
2σ

2
Q∆qu

k
i,j +

1
2

(
σ2
A + σ2

Sq
2
i

)
∆xu

k
i,j

+max

{[
(DR

q uk
i,j)

−]2
4κDxuk

i,j

,

[
(DL

q uk
i,j)

+
]2

4κDxuk
i,j

}
= 0,

Dtm
k
i,j − 1

2σ
2
Q∆qm

k
i,j − 1

2

(
σ2
A + σ2

Sq
2
)
∆xm

k
i,j + Fi,j(u

k,mk) = 0

µk = Dt

(∑
i

∑
j qim

k
i,j∆x∆q

)
,

u(T, qi, xj) = xj − γq2i ,

m(0, qi, xj) = m0(xi, qj),

u(tk, qi, xj) ≡ k(tk) · (βqi + c) on Ac,

m(tk, qi, xj) ≡ 0 on Ac.

A.3. Picard Iteration. The discretized PDE system can now be used to update initial guesses
of the value function u (backward in time) and the density m (forward in time) iteratively, until
a convergence criterion is met.
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Iterative Solvers
function iterateu(u, m) iteration of u

for k = NT − 1, . . . , 1 backward iteration

l = 0

u0 = u

µk = Dt

(∑
i

∑
j qim

k
i,j∆x∆q

)
drift

while error > tolerance

l = l + 1 iteration step

uk,l
ij = uk+1,l

ij +∆t ·

[
qi(µex + αµk)Dxu

k,l
i,j + 1

2
σ2
Q∆qu

k,l
i,j updated value function

+ 1
2

(
σ2
A + σ2

Sq
2
i

)
∆xu

k,l
i,j +max


[(

DR
q u

k,l
i,j

)−]2
4κDxu

k,l
i,j

,

[(
DL

q u
k,l
i,j

)+]2
4κDxu

k,l
i,j


]

if regulated = TRUE uk,l
ij [Ac] = k(tk) · (βqi + c) boundary condition

error = mean(abs(uk,l
ij − uk,l−1

ij )) error between guesses

return u

function iteratem(u, m) iteration of m

for k = 1, . . . , NT − 1 forward iteration

p = 0

m0 = m

while error > tolerance

µk,p = Dt

(∑
i

∑
j qim

k,p
i,j ∆x∆q

)
drift

p = p+ 1 iteration step

mk+1,p
ij = mk,p

ij −∆t
[
− 1

2
σ2
Q∆qm

k,p
i,j − 1

2

(
σ2
A + σ2

Sq
2
)
∆xm

k,p
i,j + Fij(u

k,p,mk,p)
]

updated density

if regulated = TRUE mk+1,p
ij [Ac] = 0 boundary condition

error = mean(abs(mk+1,p
ij −mk+1,p−1

ij )) error between guesses

return m

Picard Iteration
u = uT , m = m0 initialization

n = 0 iteration step

while error > tolerance iteration on whole grid

n = n+ 1 iteration step

u = iterateu(u, m) iteration of u

m = iteratem(u, m) iteration of m

error =
[
mean(abs(uk,n

ij − uk,n−1
ij )) +mean(abs(mk,n

ij −mk,n−1
ij ))

]
/2 error between guesses

We implement these Picard iterations in R. The following pseudo code shows the structure of
the algorithm.
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Appendix B. Details on the explicit solution in the unregulated case

In this section we give explicit expressions for the functions h0 and h1 that arise in the explicit
solution for the MFGC in the unconstrained case. We get for h1

h1 = 2κE′ + h2E

= 2κ


(
µexα+ αµexγ

κ T − E0
α2γ
κ

)
e−

α
2κ

t

(α2 − 2γα) e−
α
2κ

T + 2γα
− µex

α


+

2κ

T − t+ κ
γ

E0

(
α2e−

α
2κ

T + 2γα
(
e−

α
2κ

t − e−
α
2κ

T
))

− (2κµex + 2µexγT )
(
e−

α
2κ

t − 1
)

(α2 − 2γα) e−
α
2κ

T + 2γα
− µex

α
t

 .

Given h1, we can compute h0 using (3.5b),

h′0 = −h21
4κ

= −4κ2E′2 + 4κh2EE′ + h22E
2

4κ
= −κE′2 − 2κ

T − t+ κ
γ

EE′ − κ

(T − t+ κ
γ )

2
E2

= −κ


(
µexα+ αµexγ

κ T − E0
α2γ
κ

)
e−

α
2κ

t

(α2 − 2γα) e−
α
2κ

T + 2γα
− µex

α

2

− 2κ

T − t+ κ
γ

E0

(
α2e−

α
2κ

T + 2γα
(
e−

α
2κ

t − e−
α
2κ

T
))

− (2κµex + 2µexγT )
(
e−

α
2κ

t − 1
)

(α2 − 2γα) e−
α
2κ

T + 2γα
− µex

α
t


·


(
µexα+ αµexγ

κ T − E0
α2γ
κ

)
e−

α
2κ

t

(α2 − 2γα) e−
α
2κ

T + 2γα
− µex

α


− κ

(T − t+ κ
γ )

2

E0

(
α2e−

α
2κ

T + 2γα
(
e−

α
2κ

t − e−
α
2κ

T
))

− (2κµex + 2µexγT )
(
e−

α
2κ

t − 1
)

(α2 − 2γα) e−
α
2κ

T + 2γα
− µex

α
t

2

=: Ω′ + Γ′ +Π′.

For h0 we obtain

h0 = Ω+ Γ + Π,
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where

Ω = −κ

α

(
−µ2

exα
2κ− α2µ2

exγ
2

κ T 2 − E2
0
α4γ2

κ − 2α2µ2
exγT + 2E0α

3µexγ + 2α3µexγ2

κ TE0

)
e−

α
κ
t(

(α2 − 2γα) e−
α
2κ

T + 2γα
)2

− 2
2κ

α

(
µ2
exκ+ µ2

exγT − E0αγµex
)
e−

α
2κ

t

(α2 − 2γα) e−
α
2κ

T + 2γα
− µ2

exκ

α2
t+ C1

=

(
µ2
exακ

2 + αµ2
exγ

2T 2 + E2
0α

3γ2 + 2ακµ2
exγT − 2E0α

2µexκγ − 2α2µexγ
2TE0

)
e−

α
κ
t(

(α2 − 2γα) e−
α
2κ

T + 2γα
)2

− 4

(
µ2
exκ

2

α + µ2
exκγ
α T − E0κγµex

)
e−

α
2κ

t

(α2 − 2γα) e−
α
2κ

T + 2γα
− µ2

exκ

α2
t+ C1,

Γ = −

[((
4γαE0 − 2α2E0

)
e−

α
2κ

T − (4κµex + 4µexγT )
) (

µexακ+ αµexγT − E0α
2γ

)
(
(α2 − 2γα) e−

α
2κ

T + 2γα
)2

+
8E0γµexκ−

(
4κ2µ2

ex

α + 4µ2
exγκ
α T

)
(α2 − 2γα) e−

α
2κ

T + 2γα

]
e
−α(γT+κ)

2γκ Ei

(
α(κ+ γ(T − t))

2γκ

)
−

(4κµex + 4µexγT − 4γαE0)
(
µexακ+ αµexγT − E0α

2γ
)(

(α2 − 2γα) e−
α
2κ

T + 2γα
)2 e

−α(γT+κ)
γκ Ei

(
α(κ+ γ(T − t))

γκ

)

−
(2E0αµexκ− 8E0γµexκ) e

− α
2κ

T + 4κ2µ2
ex

α + 4µ2
exγκ
α T

(α2 − 2γα) e−
α
2κ

T + 2γα
log

(
T − t+

κ

γ

)

+

(
2µ2

exκ+ 2µ2
exγT − 2E0αµexγ

)
(α2 − 2γα) e−

α
2κ

T + 2γα

e
−α(κ+γ(T+t))

2γκ

αγ

[
2γκe

α(κ+γT )
2γκ − αe

αt
2κ (γT + κ) Ei

(
α(κ+ γ(T − t))

2γκ

)]
+

2κµ2
ex

α2

(
γT + κ

γ
log (γ(T − t) + κ) + t

)
+ C2,
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and

Π = −(2E0γα− 2κµex − 2µexγT )
2(

(α2 − 2γα) e−
α
2κ

T + 2γα
)2

e
−α(γT+κ)

γκ

(
γκe

α(γ(T−t)+κ)
γκ − α(γ(T − t) + κ) Ei

(
α(γ(T−t)+κ)

γκ

))
γ(T − t) + κ

−
(4E0γα− 4κµex − 4µexγT )

(
E0α

2 − 2E0γα
)
e−

α
2κ

T + (4E0γα− 4κµex − 4µexγT ) (2κµex + 2µexγT )(
(α2 − 2γα) e−

α
2κ

T + 2γα
)2

·
e
−α(γT+κ)

2γκ

(
2γκe

α(γ(T−t)+κ)
2γκ − α(γ(T − t) + κ) Ei

(
α(γ(T−t)+κ)

2γκ

))
2(γ(T − t) + κ)

−
(
E0α

2 − 2E0γα
)2

e−
α
κ
T + (2κµex + 2µexγT )

2 + 2
(
E0α

2 − 2E0γα
)
e−

α
2κ

T (2κµex + 2µexγT )(
(α2 − 2γα) e−

α
2κ

T + 2γα
)2

κ

T − t+ κ
γ

+
4E0γµex −

(
4κµ2

ex

α + 4µ2
exγ
α T

)
(α2 − 2γα) e−

α
2κ

T + 2γα

κ

2γκ(γ(T − t) + κ)
e
−α(κ+γT )

2γκ

·
(
−(γ(T − t) + κ)(ακ− 2γκ+ γαT ) Ei

(
α(κ+ γ(T − t))

2γκ

)
+ 2γκ(κ+ γT )e

α(κ+γ(T−t))
2γκ

)

+
2E0αµexe

− α
2κ

T − 4E0γµexe
− α

2κ
T +

(
4κµ2

ex

α + 4µ2
exγ
α T

)
(α2 − 2γα) e−

α
2κ

T + 2γα

κ
[
(γ(T − t) + κ) log

(
T − t+ κ

γ

)
+ γT + κ

]
γ(T − t) + κ

− µ2
exκ

α2

 (γT + κ)2

γ2
(
T − t+ κ

γ

) +
2(γT + κ) log

(
T − t+ κ

γ

)
γ

+ t

+ C3.

Note that it is determined only up to a constant C := C1 + C2 + C3. Recall that h0(T ) = 0,
from which we can determine the constant. Ei denotes the exponential integral.
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